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Arithmetic circuit complexity

The investigation of the complexity of evaluating polynomials by arithmetic circuits

(or straight-line programs) is a main topic in algebraic complexity theory.
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field K be the minimum number of arithmetic operations+,−, ∗, / sufficient to

computef from the variablesXi and constants inK.
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The investigation of the complexity of evaluating polynomials by arithmetic circuits
(or straight-line programs) is a main topic in algebraic complexity theory.

Let the(arithmetic) complexityL(f) of a polynomialf ∈ K[X1, . . . , Xm] over a
field K be the minimum number of arithmetic operations+,−, ∗, / sufficient to
computef from the variablesXi and constants inK.

We call a sequence(fn)n∈N of univariate polynomialseasy to computeif
L(fn) = (log n)O(1), otherwisehard to compute(usuallyn stands fordegfn).

For example, for fixedr ∈ N, the sequence(G(r)
n )n∈N

G(r)
n :=

n∑
k=1

krXk

is easy to compute. Proof:G(0)
n = Xn+1−1

X−1 -1 (geometric series), hence

L(G(0)
n ) = O(log n) using “square and multiply”. Now take derivatives.
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In a landmark paper, Strassen proved in 1974 that various sequences(fn) of specific

polynomials are hard to compute.

Using these methods, von zur Gathen and Strassen showed in 1980 that(G(r)
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In a landmark paper, Strassen proved in 1974 that various sequences(fn) of specific

polynomials are hard to compute.

Using these methods, von zur Gathen and Strassen showed in 1980 that(G(r)
n ) is

hard to compute ifr ∈ Q \ Z.

The complexity status of

G(r)
n =

n∑
k=1

krXk

for negative integersr has ever since been an outstanding open problem.

It has been conjectured that(G(r)
n ) is hard to compute in this case.
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For an integer polynomialf ∈ Z[X1, . . . , Xm], we define thetau-complexityτ(f)
asL(f), but allow only the constant1 and disallow divisions.

Clearly,L(f) ≤ τ(f).

Let z(f) denote the number of distinct integer roots of a univariatef ∈ Z[X].

Shub and Smale’stau-conjectureclaims that there existsc > 0 such that for all

f ∈ Z[X]:
z(f) ≤ (1 + τ(f))c.

Shub and Smale proved in 1994 that the tau-conjecture impliesPC 6= NPC in the

Blum-Shub-Smale model overC.

Resolving the tau-conjecture appears as the fourth problem in Smale’s list (2000) of

the most important problems for the mathematicians in the 21st century.



Complexity of factorials

Shub and Smale: The truth of the tau-conjecture impliesPC 6= NPC.



Complexity of factorials

Shub and Smale: The truth of the tau-conjecture impliesPC 6= NPC.

In fact, in order to showPC 6= NPC, it suffices to prove that

for all nonzero integersmn, the sequence(mnn!)n∈N is hard to compute.

We say that a sequence(a(n)) of integers ishard to computeiff τ(a(n)) is not

polynomially bounded inlog n.



Complexity of factorials

Shub and Smale: The truth of the tau-conjecture impliesPC 6= NPC.

In fact, in order to showPC 6= NPC, it suffices to prove that

for all nonzero integersmn, the sequence(mnn!)n∈N is hard to compute.

We say that a sequence(a(n)) of integers ishard to computeiff τ(a(n)) is not

polynomially bounded inlog n.

It is plausible that(n!) is hard to compute, otherwise factoring integers could be

done in (nonuniform) polynomial time (Strassen 1976).



Complexity of factorials

Shub and Smale: The truth of the tau-conjecture impliesPC 6= NPC.

In fact, in order to showPC 6= NPC, it suffices to prove that

for all nonzero integersmn, the sequence(mnn!)n∈N is hard to compute.

We say that a sequence(a(n)) of integers ishard to computeiff τ(a(n)) is not

polynomially bounded inlog n.

It is plausible that(n!) is hard to compute, otherwise factoring integers could be

done in (nonuniform) polynomial time (Strassen 1976).

Lipton strengthened this implication in 1994 by showing that if factoring integers is

“hard on average” (a common assumption in cryptography), then a somewhat

weaker version of the tau-conjecture follows.
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Valiant proposed in a seminal paper (1979) an algebraic version of the P versus NP
problem for explaining the hardness of computing the permanent.

He defined the classesVP of polynomially computable andVNP of polynomially
definable families of multivariate polynomials over a fixed fieldK and proved that
the family(PERn) of permanent polynomials isVNP-complete (ifcharK 6= 2).

Recall that thepermanentof the matrix[Xij ]1≤i,j≤n is defined as

PERn =
∑

π∈Sn
X1π(1) · · ·Xnπ(n).

Valiant’s completeness result implies that

VP 6= VNP ⇐⇒ (PERn) 6∈ VP ⇐⇒ L(PERn) is not polynomially bounded inn.

This is calledValiant’s hypothesisand considered a major conjecture in algebraic
complexity theory.



Main result

We have encountered several notoriously difficult questions in algebraic complexity.

Our main result related them to Valiant’s hypothesis and thus confirms the belief that

solving any of these problems is indeed very hard.



Main result

We have encountered several notoriously difficult questions in algebraic complexity.

Our main result related them to Valiant’s hypothesis and thus confirms the belief that

solving any of these problems is indeed very hard.

Theorem 1.1. Each of the statements listed below implies that the permanent ofn

byn matrices cannot be computed by constant-free and division-free arithmetic

circuits of size polynomial inn: that is,τ(PERn) is not polynomially bounded inn.

1. The sequence of factorials(n!)n∈N is hard to compute.

2. The tau-conjecture of Shub and Smale is true.

3. The sequence(G(r)
n ) = (

∑n
k=1 krT k)n∈N for a fixed negative integerr is hard to

compute.



Main result

We have encountered several notoriously difficult questions in algebraic complexity.

Our main result related them to Valiant’s hypothesis and thus confirms the belief that

solving any of these problems is indeed very hard.

Theorem 1.1. Each of the statements listed below implies that the permanent ofn

byn matrices cannot be computed by constant-free and division-free arithmetic

circuits of size polynomial inn: that is,τ(PERn) is not polynomially bounded inn.

1. The sequence of factorials(n!)n∈N is hard to compute.

2. The tau-conjecture of Shub and Smale is true.

3. The sequence(G(r)
n ) = (

∑n
k=1 krT k)n∈N for a fixed negative integerr is hard to

compute.

Koiran 2004: weaker version of statement (1).
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Counting hierarchy

The counting hierarchy introduced by K. Wagner in 1986 is a complexity class lying

betweenPP andPSPACE that bears more or less the same relationship to#P as the

polynomial hierarchy bears toNP.

Def 1.2. LetK be a complexity class. We defineC ·K to be the set of all languages

A such that there exist a languageB ∈ K, a polynomialp, and a polynomial time

computable functionf : {0, 1}∗ → N such that for allx ∈ {0, 1}∗:

x ∈ A ⇐⇒ |{y ∈ {0, 1}p(|x|) | 〈x, y〉 ∈ B}| > f(x).

Def 1.3. Thek-th levelCkP of the counting hierarchy is recursively defined by

C0P := P andCk+1P := C · CkP for k ∈ N. One definesCH as the union of all

classesCkP.
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Integers definable in the counting hierarchy

We consider sequences of integersa(n) of polynomial bitsize, i.e.,

log |a(n)| ≤ nO(1).

Example: Factorialsa(n) = n!

We assign to a sequencea = (a(n)) of polynomial bitsize the following languages,

where the integersn, j represented in binary (usingO(log n) bits):

Sgn(a) := {n | a(n) ≥ 0}

Bit(|a|) := {(n, j) | thej-th bit of |a(n)| equals1 }.

Def 1.4. A sequencea of integers of polynomial bitsize is calleddefinable inCH iff

Sgn(a) ∈ CH andBit(|a|) ∈ CH.
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Prop 1.5. Consider a sequence(a(n))n∈N of integers definable inCH. If

τ(PERn) = nO(1), thenτ(a(n)) = (log n)O(1).

Proof. 1. τ(PERn) = nO(1) impliesPP ⊆ P/poly. This impliesCH ⊆ P/poly.

2. Leta(n) =
∑p(n)

j=0 a(n, j)2j be the binary representation ofa(n), wherep is a
polynomial. By assumption, we can decidea(n, j) = b in CH, wheren, j are given
in binary. Hence we candecidea(n, j) = b in P/poly.

3. Consider the polynomial

An(Y1, . . . , Y`(n)) =
p(n)∑
j=0

a(n, j)Y j1
1 · · ·Y j`(n)

`(n) ,

where`(n) = 1 + blog p(n)c andji denotes the bit ofj of weight2i−1. Note that

An(220
, 221

, . . . , 22`(n)−1
) = a(n)



4. By the down scaledValiant criteriondue to Koiran (2004) there is a family

(Gr(Y1, . . . , Yr, N1, . . . , Nr, P1, . . . , Pr)) in VNP0 that satisfies for alln

An(Y1, . . . , Y`(n)) = G`(n)(Y1, . . . , Y`(n), n1, . . . , n`(n), p1, . . . , p`(n)),

whereni andpi denote the bits ofn andp(n) of weight2i−1, respectively. Hereby

VNP0 denotes theconstant-free version of the classVNP (Malod 2003).



4. By the down scaledValiant criteriondue to Koiran (2004) there is a family

(Gr(Y1, . . . , Yr, N1, . . . , Nr, P1, . . . , Pr)) in VNP0 that satisfies for alln

An(Y1, . . . , Y`(n)) = G`(n)(Y1, . . . , Y`(n), n1, . . . , n`(n), p1, . . . , p`(n)),

whereni andpi denote the bits ofn andp(n) of weight2i−1, respectively. Hereby

VNP0 denotes theconstant-free version of the classVNP (Malod 2003).

4. By amodification of Valiant’s completeness proof, assumingτ(PERn) = nO(1):

There exists a poly boundeds(r) ∈ N such thatτ(2s(r)Gr) = rO(1).

This impliesτ(2e(n)G`(n)) = (log n)O(1), wheree(n) = s(`(n)) = (log n)O(1).



4. By the down scaledValiant criteriondue to Koiran (2004) there is a family

(Gr(Y1, . . . , Yr, N1, . . . , Nr, P1, . . . , Pr)) in VNP0 that satisfies for alln

An(Y1, . . . , Y`(n)) = G`(n)(Y1, . . . , Y`(n), n1, . . . , n`(n), p1, . . . , p`(n)),

whereni andpi denote the bits ofn andp(n) of weight2i−1, respectively. Hereby

VNP0 denotes theconstant-free version of the classVNP (Malod 2003).

4. By amodification of Valiant’s completeness proof, assumingτ(PERn) = nO(1):

There exists a poly boundeds(r) ∈ N such thatτ(2s(r)Gr) = rO(1).

This impliesτ(2e(n)G`(n)) = (log n)O(1), wheree(n) = s(`(n)) = (log n)O(1).

We conclude from the above that

2e(n)a(n) = 2e(n)G`(n)(220
, 221

, . . . , 22`(n)−1
, n1, . . . , n`(n), p1, . . . , p`(n)),

henceτ(2e(n)a(n)) ≤ τ(2e(n)G`(n)) + `(n) ≤ (log n)O(1).
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(Gr(Y1, . . . , Yr, N1, . . . , Nr, P1, . . . , Pr)) in VNP0 that satisfies for alln

An(Y1, . . . , Y`(n)) = G`(n)(Y1, . . . , Y`(n), n1, . . . , n`(n), p1, . . . , p`(n)),

whereni andpi denote the bits ofn andp(n) of weight2i−1, respectively. Hereby
VNP0 denotes theconstant-free version of the classVNP (Malod 2003).

4. By amodification of Valiant’s completeness proof, assumingτ(PERn) = nO(1):
There exists a poly boundeds(r) ∈ N such thatτ(2s(r)Gr) = rO(1).

This impliesτ(2e(n)G`(n)) = (log n)O(1), wheree(n) = s(`(n)) = (log n)O(1).

We conclude from the above that

2e(n)a(n) = 2e(n)G`(n)(220
, 221

, . . . , 22`(n)−1
, n1, . . . , n`(n), p1, . . . , p`(n)),

henceτ(2e(n)a(n)) ≤ τ(2e(n)G`(n)) + `(n) ≤ (log n)O(1).

It is possible to deduceτ(a(n)) = (log n)O(1).
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Factorials are definable in CH

Corollary 1.6. The sequence of factorials(n!) is definable inCH.

This follows immediately from the following closure properties of sequences of

integers definable inCH w.r.t. iterated addition and iterated multiplication

Theorem 1.7. 1. Supposea = (a(n, k))n∈N,k≤q(n) is definable inCH, whereq is

polynomially bounded. Consider

b(n) :=
q(n)∑
k=0

a(n, k), d(n) :=
q(n)∏
k=0

a(n, k).

Thenb = (b(n)) andd = (d(n)) are both definable inCH.
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Ingredients for proof of closure properties

The counting hierarchy is closely tied to the theory ofthreshold circuits of constant
depth.

Beame et al. (1986) presented parallelNC1-algorithms for iterated multiplication
and division of integers. Crucial idea:Chinese remaindering.

Reif and Tate (1992) observed that these algorithms can also be implemented by
constant depth threshold circuits, placing these problems in the classTC0.

The question of thedegree of uniformityrequired for these circuits was only recently
solved in a satisfactory way by Hesse et al. (2002), who showed that there are
Dlogtime-uniform circuits performing these tasks.This result, scaled up to the
counting hierarchy, is crucial for our study of sequences of integers definable in the
counting hierarchy!

Even though the statement of the main Theorem involves only arithmetic circuits, its
proof relies on uniformity arguments thus requiring the model of Turing machines!



THANK YOU!
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