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Abstract ucts with various constraints on the synchronization of their
transitions.

Formal verification using the model-checking paradigm  The synchronized product of transition systems is a cru-
has to deal with two aspects. The systems models are struccial operation [1, 2] to model concurrency and interaction
tured, often as products of components, and the specificahetween processes. Synchronized products appear for ex-
tion logic has to be expressive enough to allow the formal- ample in the calculus of communicating systems CCS [19]
ization of reachability properties. The present paper is a or the communicating sequential processes CSP [13].
study on what can be achieved for infinite transition sys- A patural approach for model-checking over products is
tems under these premises. As models we consider productg, infer the truth-values of statements in the product struc-
of infinite transition systems with different synchronization t,re from information about the components (factors). In
constraints. We introduce finitely synchronized transition y,qdel theory, such an inference method is provided by
systems, i.e. product systems which contain only finitelythe celebrated Fefeman-Vaught Theorem [9]. For direct
many synchronized transitions, and show that the deCid'products A = T A; of structuresA; (respectively re-
ability of FO(R), first-order logic extended by reachabil- 4,ced productsd = IIp.A; whereD is a filter over! [6]),
ity predicates, of the product system can be reduced to the&y 51lows to determine whether a sentengds true in A
decidability of FO(R) of the components in a Feferman- fom the evaluation of (effectively computable) sentences
Vaught like style. This result is optimal in the following Y1, ..., in the componentst; and a conditionr on the
sense. (1) If we allow semifinite synchronization, i.e. just setsl; = {i € I | A; = ;}. Thus the Feferman-Vaught
in one component infinitely many transitions are synchro- Thegrem allows to compute the FO-theory of the product
nized, the FO(R)-theory of the product system is in generalfrom the FO-theories of the component structures if the
undecidable. (2) We cannot extend the expressive power ofgnditions can be decided (which trivially holds for finite
the logic under consideration. Already a weak extension of I). In this way a solution of the FO model-checking prob-

first-order logic with transitive closure, where we restrict |em can be transferred from the components to the product
the transitive closure operators to arity one and nesting model.

depth two, is undecidable for an asynchronous (and hence Many variants and extensions of the Feferman-Vaught

finitely synchronized) product, namely for the infinite grid. technique have been developed. Already in [9] the compo-
sition by sums rather than products was considered (taking
as universe the disjoint union of the component universes).
Shelah and Gurevich extended the framework to monadic
1. Introduction second-order logic, applying it to ordered sums of order-
ings and sums of trees (see [25, 11]). Generalized versions
In the theory of algorithmic verification, the classical 0f sum operations were studied by Shelah in [26] and Rabi-
framework for modeling systems is given by finite transition novichin [23]. A unified treatment and survey of Feferman-
systems (often in the form of Kripke structures). Much ef- Vaught like results is given by Makowsky in [18].
fort is presently spent on extending this framework to cover  For purposes of algorithmic verification, the direct and
infinite transition systems, and to deal adequately with the reduced products considered in the literature do not match
internal structure of the models under consideration, suchthe needs of modeling composition of computational sys-
as their composition from several components. The presentems. In the case of transition graphs, a direct product of
paper is a study on the scope of model-checking over mod-two components has artlabeled transition frongp, ¢) to
els which are composed from infinite components as prod- (p’, ¢’) if there are such transitions fromto p’ and fromg



to ¢’. This is the case of complete synchronization. Other problem, whereas the problem is decidable for the compo-
versions of synchronization have to be considered, includ-nents individually.
ing the extreme case of an asynchronous product, where a Secondly, we investigate whether the FO(R)-logic can be
transition in one component does not affect the other com-extended in the above-mentioned preservation result. For a
ponents. strong extension like MSO-logic it is clear that decidability
Regarding the logical framework, a basic requirement is of the component theories does not carry over to the theory
that reachability properties have to be expressible. Amongof the product system. As is well-known, we may work with
the numerous ways to incorporate these properties in thethe asynchronous product of the successor structure of the
logic we consider four basic options of increasing expres- natural numbers, which is the infinifer x w)-grid. (Note
siveness: that the asynchronous product is finitely synchronized with
an empty set of synchronizing transitions.) The grid has an
¢ Reachability logic FO(R), which is obtained from FO- undecidable monadic theory, whereas the component struc-
logic by adjoining the transitive closuiieachr for a tures have decidable monadic theories.
subset of edge relatiodd?, | a € T'}. We clarify the situation for weaker extensions of FO(R)-
o ) ) logic, namely FO(Reg) and transitive closure logic. We
* FO(Reg) as a generalization of FO(R) in which path gp6\ that asynchronous products do not preserve the decid-
labels have to match a given regular expression. ability of the FO(Reg)-theory. For transitive closure logic
this undecidability result can already be obtained for a very
simple example of an asynchronous product, namely the in-
finite grid as considered above. Furthermore, we show that
this undecidability phenomenon only appears when the TC-
operator is nested. For the fragment of transitive closure
logic with unnested TC-operators interpreted over the infi-
nite grid, we obtain a reduction to Presburger arithmetic and
hence the decidability of the corresponding theory.
These undecidability results complement a theorem of

The purpose of this paper is to work out cases where theRabinovich [24] where the corresponding fact is shown for
Feferman-Vaught technique is applicable over products of Propositional modal logic extended by the modality EG
infinite transition systems with partial synchronization con- OVer finite grids.

straints, and where the logic includes reachability proper- I our results the component structures are assumed to
ties. have a decidable theory in one of the logics considered

We introduce product structures which have possibly in- above. Let us summarize some of the relevant classes and

finite components but are finitely synchronized. This situ- their closure properties with respect to synchronization.
ation applies to any system where the local computations A fundamental result is that pushdown graphs have a de-
may involve infinite state-spaces but where synchronizationcidable monadic second-order theory [21]. Since then sev-
is possible only via finitely many transitions. We show a eral extensions like prefix recognizable graphs [4] or Caucal
Feferman-Vaught result for FO(R)-logic over such product graphs [5] have been considered, see [28] for an overview.
structures: The decidability of the FO(R)-theory of transi- These classes form an increasing sequence in this order, and
tion systems is preserved under forming finitely synchro- all of them enjoy a decidable MSO-theory. None of these
nized products. The solution is uniform in the sense that it classes is closed under asynchronous products.

transforms given model-checking algorithms for the com-  Two other classes of infinite graphs we like to men-
ponents into a model-checking procedure for the product. tion are the graphs of ground term rewriting systems [7]

This extends a result of Rabinovich [24] on proposi- for which the FO(R)-theory is decidable, and ground tree
tional modal logic extended by the modality EF over asyn- rewriting systems [16] for which a temporal logic with
chronous products. reachability and recurrence operators is decidable. Both

We show that our result is optimal in two ways. classes are closed under asynchronous products.

Firstly, the result does not extend to a case where we Classes which are closed under synchronized products
allow a slight liberalization of the constraint on finite syn- are rational graphs [20], graphs of Thue specifications [22],
chronization: We consider “semi-finite synchronization”, or graphs of linear bounded machines [15]. However for
in which all components except one can synchronize via all these classes already the FO-theory is undecidable and
finitely many transitions. In the presence of a single compo- hence they are not suitable for model-checking purposes.
nent with infinitely many synchronizing transitions we may The paper is organized as follows. In Section 2 we
obtain a structure with undecidable FO(R) model-checking give the definition of a synchronized product of a family

e Transitive closure logic over binary relations, which
allows to proceed from any definable relation (and not
just from some edge relations) to its transitive closure.

e Monadic second-order logic MSO, which results from
FO-logic by adjoining variables and quantifiers for sets
(and in which transitive closure over binary relations
can be expressed).



of graphs or transition systems, recall the definition of tran- ¢(z1,...,z,) to express that the free variables pfare
sitive closure logic, and define FO(R) and FO(Reg). amongzxy,...,x,. If G is a graph andv,...,v, are
In Section 3 we show the composition theorem for the vertices assigned to the variables. .., x,, we de-
finitely synchronized products and reachability logic and note by (G, vy,...,v,) E ¢(z1,...,2,) or shortly by
prove that this result cannot be extended to FO(Reg) orG | ¢[vy, ..., v,] thatthe formulap is satisfied inG under
semifinite synchronization in general. the respective variable assignment.
In Section 4 we investigate transitive closure logic over  Transitive closure logi¢O(TC) is defined by extending
the infinite grid. We show that if we allow transitive clo- FO with formulas of the type
sure operators of arity one without parameters but of nest- -
ing depth two the theory of the grid is undecidable. On the = [TCay 0(2,5,2)] 5,1
other hand we show that if no nesting of transitive closure where ©(z,7,%) is a FO(TC)-formula,z,y are disjoint
operators is allowed, the respective theory is decidable evenuples of free variables of the same length > 0,

in presence of parameters in the scope of the transitive clo-z,  are tuples of variables of length and free()) :=

sure operators. (free(p) \ {z,7}) U {5,t}. Note that in the notation
[TCz,5 (7,7, Z)] Z,y the variables inside the square brack-

2. Preliminaries ets are bound while the variables at the end of the formula
occur free.

Let (Vi)i<i<n be a family of sets. We denote by Let G be a graph, let, d, andé be the interpretations
I, <;<,V; the Cartesian product of these sets. Tuples Of the variablesz, 5, and# in . Let £ be the relation
1. .., 0n € I<;<,V; are usually denoted by, and the ~ ON k-tuples defined by(¢) := {(a,b) | (G,a,b,¢) =
ith component ofi asv; . ¢(7,9,2)}, andE’(c) be its transitive closure, i.€a,b) €

Let & be a finite set of labels. Aransition systenis a ~ £'(¢) iff there exists a sequencg, fi,..., fi such that
S-labeled directed grape¥ = (VC, (ES)qex) whereVEe  Jo = a, (fi, fiyr) € E(e) for 1 < < [, andf; = b.
is the set of vertices aff andEG C VE x VC denotes the The semantics of the FO(TC)-formula above is defined by

set ofa-labeled edges it. (G,e,d,e)  [TCsy 9,75, 2)) 5,7 & (d,€) € E'(0).

2.1. Synchronized Products We call the variables parameters for the transitive clo-
sure operator. By FO(TG), be denote the fragment of
Forl <i<nletG; = (V;, (E.).ex,) be a%;-labeled FO(TC) where the transitive closure operation is only al-
graph. We assume that is partitioned into a set! of local lowed to define relations over tuples of lengthk, i.e. the
labels (or actions) and a sBf of synchronizindabels, and  length of the tuples:, y in the definition above is bounded
to avoid notational complication we require the sets of local by k. For example, in FO(TG), we can only define bi-

labels to be pairwise disjoint. Let: := {(v,v) | v € V;} nary relations using a transitive closure operator. For finite
andX; := ¥ U {e}. A synchronization constrairis a set ~ models the arity hierarchfFO(TC)) ) x> is strict [10].
C C Ili<i<n ;. By FO(TCik) we denote the fragment of FO(TE)

Thesynchronized produdf (G;)1<;<, defined byC is where the nesting depth of transitive closure operations is
the graphG with vertex set” := II; <;<,, Vi, asynchronous  bounded by.
transitions with labels € |J, .,,, X! defined byES vw if In transitive closure logic we can express that from a ver-
Elvsw; andv; = w; for j # 4, and synchronized transi- tex z a vertexy is reachable via a path with labels from
tions with labelsc € C defined byESvw if EZ vw; for some set’ C ¥ by
everyl <i <n.

Note that we slightly deviate from the definition in [1] Reachy (z,y) := [Tcwvy (z=yvV \/ Eaxy)}x’ Y.

since we require the sets of local labels and synchronizing a€x’
labels to be disjoint, and implicitly assume an asynchronous  We call the restriction of FO(TC) where the only transi-
behavior of local transitions. tive closure formulas allowed are of the foReachy (x, y)

If ES is finite for everyec € C we callG afinitely syn- for ¥’ C X reachability logicand denote it by FO(R).
chronized productNote thatG cannot be finitely synchro- The expressive power of the reachability predicates in
nized if for somer € C with ¢; = ¢ the setV; is infinite. FO(R) is limited, e.g. we cannot express that there is a path

between vertex andw in the graph whose labels form a
2.2. First-Order Logic and Extensions word in a given regular language.

We denote by FO(Reg) first-oder logic extended by
We assume that the reader is familiar with first- reachability predicateReach,(z,y) for regular expres-
order logic FO over graphs. We denote formulas by sionsr overX, whereG = Reach, [v, w] if there is a path in



G from v to w labeled by a word contained in the language whereéj- = ¢; forl <i < l(¢)andl < j < k. For

described by-. R C S of sizer let Pern{R) denote the set of all permuta-
tionsw: {1,...,r} — R.

. . o {(x,y) := 32, (E.xz1 A Reach 21,
In this section we show that synchronization preserves Xe(y) 1(Berzy rost (%1 v)

the decidability of the FO(R)-theory if (and only if) the  \hich expresses thatis the source of a synchronizing tran-
product is finitely synchronized. For this case we prove a stion ¢ andy can be reached using such a transition from
composition theorem that reduces the evaluation of a for-;, and only local ones front afterwards. Now for every

mula in the product graph to the evaluation of several for- p g of sizer and everyr € Pern{R) we define a for-
mulas in the component graphs and a Boolean combinationmyia

of these truth values. This result does not extent to the case

of FO(Reg). - o 0L =321, 2 ( Reachpqs (7, 21)
Furthermore we show thaemifinitesynchronization of ' i

two components, where in just one of the components in- A /\ Xfr(j),(zw Zit1) AN 2p = y)

finitely many edges are allowed to be synchronized, does in 1<j<r '

general not preserve the decidability of the FO(R)-theory.

which expresses that there is a path frero y which con-
Theorem 1 Let G be a finitely synchronized product of a tainsr(1);,...,n(r); as subsequence of synchronized tran-
fam”y(Gi)lgiSn of graphs with decidable FO(R)'theorieS. sitions. Let
Then the FO(R)-theory df is also decidable, and for an

FO(R)-formulay we can effectively construct sets of for- a=\ 'V N\ pilr,)

mulas¥,; and a Boolean formula such thatG = ¢ iff « RCS mePerm(R) 1<i<n

is true under an Boolean interpretation defined by the truth

values of the formulas i¥;. To prove the correctness of the construction above note that

every path frome to y in G which contains a synchronizing
edge twice can be shortened to one which traverses every
edge only once, and thétis an asynchronous product with
respect to local transitions. From these properties (1) fol-
lows immediately.

The case of Boolean connectives may be solved in the
standard way. Lep; (Z) andy2(y) be FO(R)-formulas and
a1, (U))1<i<n as well asas, (¥?);<;<, be given by the
induction hypothesis. Then, ferp, (z) we can choose the
same(¥});<;<, and the Boolean formula to bex;, and
for ¢1(Z) V ¢2(y) we choose¥; := V! U V? anda =

_ _ a1V as.
(G0, Tm) E (@, om) & TEa (1) To finish the proof let o(zy,...,2,) =

wherel is the Boolean interpretation defined by znp11(21,. . Tga).  Let U1 and aq be the for-
mulas computed fop;(x1,...,2,+1). LetZ be the set

true if (Gi,vi,...,v0,) = ¥ of all satisfying assignments far,. For everyl € T let
I, :={j | I(p]) = true}. Then setsl, for 1 < i < n are

constructed by adding for evelye 7 the formula

Proof: Let (G;)1<i<n be a family of graphs whose signa-
turesy; := XL U ¥¢ are partitioned into local and synchro-
nizing labels. LetC C ngignif be a synchronization
constraint such that the produGtof (G;)1<i<,, is finitely
synchronized with respect (.

We show by induction that for every FO(R)-formula over
Uy <<, ZLUC there are finite set§; of £;-formulas and a
Boolean formulax over predicatepiw;i) (1<i<n, 1<
J < |¥;|) such that

I(pi(¢)) = {

false otherwise.

We start with the atomic formulas. Far = y let ¢; :=

(z = y), for E,zy with a € X! let ¢; = E,zy and Ol (w1, wn) = 393n+1( ANRWAN ﬂ/’f)
Y; = (z = y) for ¢ # j, and for Ezzy with ¢ € C J€L; J¢lLi
let ¢; := E.xy. For every formula above letr :=

1 R I
Ai<i<n pi(1:). Obviously (1) holds in all cases, so the re- Then we can define := \/;cz Ay <<, P(¥7)- O

maining “atomic” formulas we have to take care of are of o 5 complexity analysis of this algorithm we can esti-
the formReachr (2, y) for ' € U, <;<,, Tf U C. SinceG mate the number of formulas that have to be evaluated for
is finitely synchronized the se{$v, w) | ESvw} are finite every component graph to obtain an analysis independent
for everye € C, say of sizé(c). Letey, ..., ¢, be anenu-  of the complexity of the evaluation algorithms for the com-
meration ofC’, ands := {e},...,e®) ... e, ... é™)} ponents.



The atomic subformulaReachr(x,y) require to evalu-  FO(R)-theory. We reduce the halting problem of determin-
ate 2(s*) formulas in each component whesds the size istic Turing machines to the model checking problem for
of the set of synchronizing transitions in the product graph. FO(R) for synchronized products of finite graphs and in-
Note that this set is the only information about the prod- finite graphs which are generated by ground tree rewriting
uct graph we need to evaluate a formula, and apart fromsystems (GTRS). The GTRS graphs we will construct are of
this the data complexity is the same as data complexity offinite out-degree and hence have a decidable FO(R)-theory
the algorithms for the components. Compared to the size of[16, 17].
the representations of the infinite components we expectthe The GTRS graph will encode computations of the Tur-
number of synchronizationsto be small. ing machineM, but not all of them are valid. We will use

However, the main contribution to the overall complexity the synchronization with a finite graph to eliminate compu-
of the algorithm is the exponential increase of the dets  tations which are not valid.
which comes from the quantification step and results in an ~ Our construction of the GTRS graph encoding computa-

overall non-elementary formula complexity. tions of M follows ideas of [17]. Before we start the proof

It is easy to see that Theorem 1 also covers FO(Reg)-we give a short definition of the Turing machine model we
formulas with regular expressions built frdij for I'; C 3 use and of ground tree rewriting systems. For a more de-
using- and-+. However, if we allow reachability predicates tailed description we refer to [14] and [17].
with regular expressions of the for(i; - I';)* the decid- A deterministic Turing machings a tuple M =
ability of the corresponding theory will be lost. (@, T, q0,qr,6) where@ is a finite set of stated; is an

alphabet containing a designated blank symbgl gy is
T_heorgm 2 Asynchronous products do not preserve the de- ipe initial state; is the halting state, andl : Q x I' —
cidability of the FO(Reg)-theory. Q x T x {L, R} is the transition function. Aconfigura-

tion of M is a sequenceq,...ax,q,b;,b;_1...b1 where
Proof: We reduce the reachability problem for 2-PDAs a;,b; € I', g € Q andb, denotes the symbol currently read
(pushdown automata with two stacks), a problem which is by the head of the machine. We consider two configurations
well known to be undecidable [14]. to be equivalent if they differ only in heading or trailing

A 2-PDAis atupled = (Q, X, T, qo, A, f) whereQ is blank symbols, and do not distinguish between equivalent

a finite set of stategy is the initial statef is the final state,  configurations.

andA C Q x ¥ xI'? x I'? x Q. We split.A into two A ground tree rewriting systenis a tuple R =
component pushdown automata (A, X, R, to) whereA is a ranked alphabe; is a set of la-
bels for the rulesR is a finite set of rules, ang is a finite

A= (sz_: X %I, q0, A1, fi) tree overA. We denote the set of all finite trees ovéiby

Az = (Q, 2 x AT, qo, Aa, f) Ta. A rewriting ruler is of the form¢ 2 ¢ with ¢, ¢/ € T

andb € X. Arule r is applicable to a tree if there is a

subtrees; of s equal tot, and the result of an application of

r to s is a trees’ obtained froms by replacings; with t'. R

(4, (a,8), 71,73, p) 10 Ay generates E_-Iabeled graph th_Jse verti_c_es are the trees that
= can be obtained fromy by applying rewriting rules fron®,

(4:(@,0),72,71,p) 10 Az. with a b-labeled edge betweenands’ if s’ results froms

The graphs generated by, and .4, have a decidable by an application of a rule of the form> t' € R.

FO(Reg)-'theory (since even the MSO-theory is .deCidable)'Theorem 3 Semifinite synchronization does not preserve
Let B their asynchronous product. By construction we ob- the decidability of the FO(R)-theory.

tain thatA reached iff

where for every = (q, a, 71,72, 73, 74, p) € A the follow-
ing transitions are added

Proof: Let M = (Q,T, g0, ¢y, ) be a deterministic Turing

B |= 321 25 Reach,.((q0, 90), 21) machine. We assume that # ¢;, Q N T = 0, X ¢QUT

A \/ Ea,s52122 A E(a’g)z2(f,f), and encode a configuratian, ..., ag, q,b;,b;_1,...b; Of
seA M by a tree
a€X
L]
B « 7/ AN
wherer = (VgeA(a,d)(@,(S)) expresses that a transition )‘( X
€y
of A, is followed by the corresponding transition.df. [ a1 1{1
We now turn to the proof that semifinite synchroniza- Ak b

tion in general does not preserve the decidability of the q



Every transition of the Turing machine will be simulated by
the rewriting system in two steps, by first rewriting the right
branch of the configuration tree, and then rewriting the left
branch. The labels of the rewriting rules will indicate which
letter fromI" has to be adde@+) or removed —) from the
left branch of the configuration tree, afidrespectively.L
indicate whether the halting state has been reached or not.
More precisely we define a GTRB = (4,3, R, tg)
WhereA2 = {.}, A1 =T u {X}, Ao = A1 ] Q, Y=
{+,=} x(CUT) x {L, T}and

The setR is defined by adding foé(q,b) = (p,¢, L) and
everya € I the rules

b (—ax ! !

X (—ax .
|~ a and uc‘ufb:u,
4 p e p

and foré(q, b) = (p, ¢, R) with p # ¢ and everys € I the
rules

o X
_— |

p

ifb=_
! q
q

wherex = T if p = ¢ and+ = L otherwise. Note that

these rules can only be applied to the right branch of a con-

figuration tree. For the left branch we add for every € T°
andx € {L, T} the rules

(_76’7*)

o 2, candx 20 xifa =,
as well as
(+.6%) @
a —— |
and
x o Xt andx ) xife=

Cc

By construction, a path through the gra@hgenerated by
R corresponds to a valid computation &f started on
the empty tape iff every transition with labé}, a, x) re-
spectively(—, a, ) is followed by its counterpart labeled
(+, a, *) respectively —, a, ). Let H be the star graph with
|X| + 1 many vertices where the center veriekas for ev-
ery($,a,x) € {+,—} xI'x {1, T} asingle outgoing edge
with this label to a vertexv and the single corresponding
incoming edge fromw labeled($, a, ). If we define the

synchronization constrair® := {(o,0) | ¢ € X}, the
synchronized product aff and H will contain exactly the
valid computations of/. To decide whethel/ halts on the
empty tape we thus have to check the truth of the formula

day {Vz /\ —-Fy,zx

oeY
A Ez(ReaChg(I,z) A /\

oe{+,—}xTx{T}

£-a)

in the semifinitely synchronized product@fand4. O

4. Transitive Closure Logic over the Infinite
Grid

The infinite grid is the structuré = (w?, Sy, S2) with
two successor relation$; and.Ss. It can be viewed as the
asynchronous and hence finitely synchronized product of
two copies of the natural numbers with successor relation,
M (w,S1) and Ny = (w, S2), defined by the empty
synchronization constraint.

We show in this section how to interpret the first-order
theory of addition and multiplication of the natural numbers
in FO(TC)%I) (without parameters) over the infinite grid.
FO(TC)Ql) allows only transitive closure operators of arity
one and a nesting depth of two.

It is well known that the FO-theory of addition and mul-
tiplication of V' is undecidable. However, since FO(TQ)
can be interpreted in MSO, FO(TE) is decidable oven .
From these results we can conclude that the FOXJC)
theory is not preserved by finitely synchronized products
and thus obtain that we cannot extend FO(R) much without
losing decidability for finitely synchronized products.

To interpret the theory of addition and multiplication in
FO(TC)%l) over the infinite grid we first connect the transi-
tive closure theories ot/ andg.

Lemma4 Letk > 1.

(a) Forevery FO(TC}, -sentence there is a FO(TC,-
sentences such thatlg = ¢ & N E ¢.

(b) For every FO(TCY()Zk)—sentencea thereisa FO(T%)-
sentence suchthatV' = o & G = ¢.

Proof: For (a) there is almost nothing to show. It suffices to
split every variabler (interpreted as vertex of the grid) into
coordinate variables, andzs (interpreted as natural num-
bers) and to replace the atomic formulgigry by Szqy:
andSsxy by Szays.

For (b) we identify everyr € w with (z,0) € w?. To
reduce the number of variables needed in a TC operator we



represent a pair of variables, 2> by a single variable =
(z1,z2) to be interpreted as a vertex of the grid.

To finish the proof it suffices to show that the following
operations are FO(T(), definable:

(i) m with 71 ((21,22)) := (x1,0) andma((x1,x2)) =
(0,132),

(i) swap, and

swap,((0,

with  swap ((z,0)) =
x)) := (,0),

(ili) comb with comH(x,0), (0,y)) :=

(0,2)

(z,9)

Then a FO(TQ)y, formula [TCz ; ¢(Z,9, 2)|7,7 is
equivalent to the FO(TG), formula

E'ﬂl_)( /\ (ui = Comtixgi_l,swag(xgi))
1<i<k
A v; = comb(yz;—1, Swap, (y2:)))

A TCao 33, 5, 2)]8, )

( /\ (1’21'71 = ’/Tl(’ui) N ZTo; = SW&Q(’]TQ('LLZ'))
1<i<k

Ayai—1 = m1(vi) A ya; = swap,(ma(v;)))
A so(ﬂ’c,ﬂ))

and iny every occurrence of the symb#8lis replaced by
S1.
Let us now define the operations above:

)=y < y<saxAVz(z<ozx—>2z=y)
swap(z) =y < Vz(z<sx—z=1)
N[TCy,y 32(S122 A Soyz)|z,y
Nz(z<1y—2z=1y)
comhz,y) =2z < VYulu<soz—u==x)
AVu(u <1y —u=1y)
Ne <y zAy <2z

Observe that if the formula has no TC operators with pa-
rameters, the neithes nor ¢ has (ing only TC-formulas

Proof: We define addition and multiplication in FO(T&)
over G without the use of parameters. By Lemma 4 it is
enough to define these operations in FO((Ep))verN.
The definition of addition is straightforward.

a+b=ceo N E[TCy iy ST1y1 A ST2y2]0a,be

To define multiplication note that- y = w
hence it suffices to deflne the square function. To daf?ne
note thatr> = 37 2i 4 1. The formula

1/1(567 y) = [TC$1$27y1y2 Y2 = x2 + (xQ - .’171) +2

ANyr = x2]01, 2y

defines all pairs of square numbers

k—2 k—1
(> 20+1,> 2i+1)fork >3,
i=1 i=1

HenceN = ¢[a, b] iff b —a = 2k — 1 for somek > 2. Let

y—zl+1_x)
s =7).

ThenN = x[a, b] iff b = a?. O

X(xa y) =dz (w(zl?y) A

A similar technique was used in [3] to define multiplica-
tion in (w, +, 0) using a transitive closure operator of arity
one.

The nesting of transitive closure operators in the previ-
ous proof is necessary. If we disallow nesting, even in the
presence of parameters in the transitive closure formulas,
the theory of the infinite grid is decidable.

Theorem 6 The FO(TC}l)-theory of the infinite grid is de-
cidable.

Proof: We reduce the FO(T@,))—theory of the infinite
grid G to Presburger arithmetic, the first-order theory of
N. = (w,+,0), in the following sense: For every
FO(TCY),)-formulag(x, . .., z,,) there is a Presburger for-
mulag(x11, 12, - - ., Tn1, Tn2) Such that

without parameters are introduced), and that the nestingg, for petter readability
O

depth is not increased.
Let us now turn to the undecidability proof.

Theorem 5 The FO(TC?l)—theory of the infinite grid is un-
decidable.

g ': (P[(kl, ll)v sy (kna ln)]
= N+ ‘: (ﬁ[k‘l, ll, ey k‘n, ln] (2)
In order to construcp it suffices to consider the case
90(551, cee 7xn) = [Tczl,rg 'l/)(xl’ sy xn)]xlaw%
QD(Z‘l, s ,an) = [TC-L,!J w(% Y, L3, - - - 73771)]371) T2

where) is a first-order formula. The second notation em-
phasizes thats, ..., x, serve as parameters in the transi-
tive closure formula.



In a first step we rewrite) in a normal form, applying  vertex or as end vertex of any path described by (3). Hence
Hanf's Theorem for first-order logic over graphs (see [12, vertices tied to parameters can be handled without the use
8, 27)). of TC, by an appropriate modification of the formula.

For this purpose we recall some definitions. The Let I be an initial segment of the grid encompassing the
spherer-sph(d) around a vertexd € w? is the set  2r-spheres around parametérs,, z;2) for i > 2. Outside
of grid vertices which are of distance less or equal to this initial segment, in a second step, it suffices to consider
r from d, where we allow to traverse the edges in ei- formulas (3) in which only type formulas, which contain
ther direction. Invoking the distributive normal form and
Hanf’'s Theorem, there exists a suitable> 0 such that

Y(x1,...,x,) IS equivalent to a disjunction of formulas T =kiAzi2 > or  xi1 >rAziz =k
or(z1,...,z,) Where eachp, describes the isomorphism or 11 >TAZ2>T
type 7 of U, «;<,, 7-sph(c;) for some tuplecy, ..., ¢, of

grid vertices. LetT be the set of all such types. Since for ki, k; <7 and

T is finite it suffices to consider only finitely many tuples

Cly...,Cp.

Remark.In the general case, over an arbitrary graph in- or To1 >T NTog >T

stead of the infinite grid, Hanf’s Theorem involves a state-

ment on the number (up to a certain threshold) of spheresfor /1,12 < r and

outsidel J; -, ,, 7 -sph(c;). This statement is superfluous

here due to the regular structure of the infinite grid. (For  dist((z11,212), (z21,722)) > 2r

technical convenience we assume tftab) is included in or (z11,12) = (21, 722) + (K, 1)

the set of parameters, so every isomorphism type realizable

in G outsideJ, -, ,, 7-sph(c;) occurs an infinite number  for —2r < k,1 < 2r appear.

of times.) o It is now possible to apply a finite saturation process to
Due to the special structure of the grid, which we de- obtain a formula

pict as a diagram with the bottom row and left column

as margins, open upwards and to the right, every formula {TC(wlh

or(z1,...,2,) can be expressed by conditions on the ver-

Tog =1l Nxog >1 or Top > T ATog =g

z12),(T21,T22)

ticesz1, ..., z, which fix their distances up to the radius \/ @j(z11, 212, - - - 7$n1,$n2)} (s,1), (u,v) (4)
from the left margin as well as the bottom margin, and their 1<j<m
relative distances up tor. S .

It is convenient to express, (x1, ..., x,) in terms of yvh|ch is equivalent to (3) and where TC aktlcommute,
the 2n components of the vertices, obtaining a formula €.
&r(z11, 212, - - -, Tn1, Tn2) The formulag, is interpreted

overw and equivalent tg in the sense of (2) above. Itisa Y = {TC(mn’xlz)v(mzwn) \/ ‘ﬁﬂ} (s:): (u,v) =

conjunction of statements 1<j<m
g |:TCI T T21,T ~':| 57tauav'
oz, =kforO0<k<rorzy >r ':1<>/<m (z11,212),(w21,222) Pj (s,1), (u,v)
o (w1, wiz) = (w1, %;52) + (k1) for =2r <k, 1 < 2r The subformulasy; in (4) have the same format as the

subformulasp.- in (3) except that the center of the excluded

dist 11y 442), i1y Lyj 2 .
o dist((zar, @io), (1, 252)) > 27 2r-sphere aroundz;,z1,) may be shifted by a bounded

wherel < 4,j < nandh € {1,2}. distance from(z11,z12) or be missing, o3, defines the
We now have to evaluate formulas of the form complete relation outsidé and the border stripes of width
r. Thus it remains to consider two cases.

Case 1. If ¢; contains a conjunct exclud-
ing some 2r-sphere then the relation defined by

\/ Gr (11, Z12, - Tty Tn2) | (5, 1), (u,0)  (3) [TC(a11,012),(wa1,222) Pjl(5,1), (u,v) is cofinite  (w.r.t.

|:TC(-%11~,$12)7($217$22)

et the grid excluding/ and border stripes of width, or a
fixed line in one of the border stripes) and hence definable
for someT” C T. without the use of a transitive closure operator.

In a first step we note that it is possible to add disjuncts Case 2If @j fixes relations of the form
to (3) such that vertices tied to occur irke-sphere around
a parametefz;;, x;2) for ¢ > 2 only need to appear as start (221, x92) = (211, 712) + (i, ;) (5)



fori=1,...,N and-2r < k;,l; < 2r. the formula

[Tc(mu,mm),(mm,mn) ﬁj](& t)’ (’LL, 'U)

expresses that there is a path frosmt) to (u, v) consisting
of steps of the form (4). The set of vertic@s v) reachable
in this way from (s, ¢) can be represented as the union of
paths in the finite initial segmerit of the grid and finitely

many sets of the form

{(u,v) | (u,v) = (", ") +y1(k1, 1) + ... +yn(kn,In)}-

Herey;, > 0, the (s’,t') range over boundary vertices of
I, and the(k;, ;) are from (5). It follows that the relation

defined by (3) is definable in Presburger arithmetic. [

5. Conclusion

We have proved a result on compositional model-
checking for a logic including reachability predicates, and
we have shown tight limitations for possible extensions of

this result.

Let us mention some questions left open in this paper

(and partly subject of ongoing work).

(2]
(3]

(4]

(5]

(6]
(7]

(8]

9]

1. The Feferman-Vaught type composition result (Theo- [10]

rem 1) should be generalized to infinite products.

2. In Theorem 1, one may extend FO(R) by an opera-
tor for “recurrent reachability” (existence of an infinite

(11]

A. Arnold. Nivat's processes and their synchronizati®he-
oretical Computer Scien¢@81:31-36, 2002.

A. Avron. Transitive closure and the mechanization of math-
ematics. In F. Kamareddine, editdhirty Five Years of Au-
tomating Mathematicspages 149-171. Kluwer Academic
Publishers, 2003.

D. Caucal. On infinite transition graphs having a decid-
able monadic theory. IfProceedings of the 23rd Interna-
tional Colloquium on Automata, Languages and Program-
ming, volume 1099 of_ecture Notes in Computer Science
pages 194-205, 1996.

D. Caucal. On infinite terms having a decidable theory.
In Proceedings of the 27th International Symnposium on
Mathematical Foundations of Computer Sciengelume
2420 ofLecture Notes in Computer Scienpages 165-176.
Springer, 2002.

C. Chang and H. KeislerModel Theory North-Holland,
1973.

T. Colcombet. On families of graphs having a decidable first
order theory with reachability. IRroceedings of the 29th In-
ternational Conference on Automata, Languages, and Pro-
gramming volume 2380 ot_ecture Notes in Computer Sci-
ence pages 98-109, 2002.

H. Ebbinghaus and J. Flunkinite Model Theory Springer,
1995.

S. Feferman and R. Vaught. The first-order properties of
products of algebraic systemBundamenta Mathematicae
47:57-103, 1959.

M. Grohe. Arity hierarchies.Annals of Pure and Applied
Logic, 82:103-163, 1996.

Y. Gurevich. Monadic second-order theories. In J. Barwise
and S. Feferman, editord/odel-Theoretic Logicspages
479-506. Springer, 1985.

path which visits a designated set infinitely often), or 1] w. Hanf. Model-theortic methods in the study of elementary

one can consider stronger logics like CTL.

logic. In Proceedings of the Symposium on the Theory of
Models pages 132-145. North Holland, 1965.

3. Interesting subcases of Theorem 1 should be found [13] C. Hoare. Communicating sequential process@M Com-

where the mentioned blow-up of complexity can be

avoided.

(14]

4. The distinction between products which are asyn- 15]

chronous,

finitely synchronized, or synchronized
should be refined, by allowing other means of coor-
dination between component structures, also incorpo-
rating the special case of synchronization of parame-

terized systems composed from identical components. [16]
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