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Abstract We consider the transition graphs of regular ground tree (or
term) rewriting systems. The vertex set of such a graph is a (possibly in-
finite) set of trees. Thus, with a finite tree automaton one can represent
a regular set of vertices. It is known that the backward closure of sets of
vertices under the rewriting relation preserves regularity, i.e., for a regular
set T of vertices the set of vertices from which one can reach T can be
accepted by a tree automaton. The main contribution of this paper is to lift
this result to the recurrence problem, i.e., we show that the set of vertices
from which one can reach infinitely often a regular set T' is regular, too.
Since this result is effective, it implies that the problem whether, given a
tree t and a regular set T, there is a path starting in ¢ that infinitely often
reaches 7', is decidable. Furthermore, it is shown that the problems whether
all paths starting in ¢ eventually (respectively, infinitely often) reach T, are
undecidable. Based on the decidability result we define a fragment of tem-
poral logic with a decidable model-checking problem for the class of regular
ground tree rewriting graphs.

Key words infinite graphs — temporal logic — rewriting — tree automata

1 Introduction

An important subject in theoretical computer science is the automated veri-
fication of programs and processes. In this context graphs play an important
role for the formal description of state based systems. The use of theoret-
ically unbounded data structures (such as stacks, queues, etc.) in these
systems requires the use of infinite (transition-)graphs. In order to allow
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algorithmic applications, these systems have to be given effectively, i.e., by
some finite object. In recent years many classes of finitely representable infi-
nite graphs have been studied. A starting point for this research on infinite
graphs was an analysis of the configuration graphs of pushdown automata
by Muller and Schupp in [21]. The vertices of pushdown graphs are words
(the control state followed by the stack content) and the edges are de-
fined via the transitions which are prefix rewriting rules on these words. In
[21] it is shown that pushdown graphs have a decidable monadic second-
order (MSO) theory. Later, more efficient algorithms have been developed
for solving reachability problems, model-checking temporal logics [12], and
synthesizing strategies for games [16,22] on pushdown graphs.

Using rewriting as the basic process for generation of infinite graphs, a
variety of possibilities arises to define classes of graphs different from push-
down graphs. Let us briefly review some of the approaches. The result on
the decidability of the MSO theory generalizes from pushdown graphs to
prefix recognizable graphs [3], which are also generated by prefix rewrit-
ing on words; but the rewriting rules refer to regular languages instead of
single words. Even more general classes of graphs can be obtained when
using finite word transducers to define the edge relations of graphs. This
leads to automatic graphs in case of synchronous transducers (see e.g. [1])
and to rational graphs [20] in case of asynchronous transducers. The for-
malisms to generate automatic and rational graphs are very strong and
even simple reachability problems on these graphs are undecidable. In [19]
model-checking problems for process rewriting graphs are studied (in pro-
cess rewriting parallel composition of words is allowed in addition to the
usual sequential composition).

In the present paper we use another generalization of word rewriting,
namely tree rewriting, as already considered in [2]. In tree (or term) rewrit-
ing the basic objects in the rewriting systems are trees. For ground tree
rewrite systems (GTRS) confluence [8], the first-order theory [9], and sev-
eral reachability problems [7] have been shown to be decidable. Here we
study a more general form of ground tree rewriting, namely regular ground
tree rewriting (RGTR), as already considered in [11] and in a slightly dif-
ferent way in [4]. In regular ground tree rewriting the rewriting rules are of
the form T7 < T3, where T7 and T5 are regular sets of trees. Such a rule can
be applied to any tree that has a subtree from T; by replacing this subtree
by an arbitrary tree from 7T5. For the transition graphs of these systems, we
address the following problems, where the sets T and T’ denote regular sets
of vertices, specified by tree automata.

(1) Compute the set of all vertices from where one can reach 7.

(2) Compute the set of all vertices from where one can infinitely often visit
T.

(3) Given a single tree t, do all paths starting in ¢ eventually (respectively,
infinitely often) visit 7°?

(4) Given a single tree ¢, does there exist a path starting in ¢ that remains
in 77 until it eventually reaches T'?
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In the context of term rewriting (cf. [5,7,6]) it was already shown that the
set from (1) is regular and that one can effectively construct a finite tree
automaton accepting this set. The main contribution of this paper is to show
that the set of vertices from (2) is regular, too, and to provide an algorithm
for computing a tree automaton accepting this set. From now on we will
call the problem described in (2) the recurrence problem. Sometimes we also
refer to the corresponding decision problem, i.e., given a tree t and a regular
set T of trees, does there exist a path starting in ¢ that infinitely often visits
T'. Since we give an algorithm to compute a tree automaton representing the
set from (2), this also allows to solve the decision problem because it can
easily be tested whether the computed tree automaton accepts the given
tree ¢.

The problems (3) and (4) are shown to be undecidable and hence mark
a boundary in the design of a fragment of temporal logic with decidable
model-checking problem for RGTR graphs.

This paper is a complete and extended version of [17]. We provide full
proofs for the facts stated in [17], extend the algorithm for the recurrence
problem to regular ground tree rewriting instead of simple ground tree
rewriting and provide a complexity analysis for this algorithm.

The remainder of this paper is organized as follows. In Section 2 we
introduce the basic terminology and definitions. In Section 3 we introduce
the reachability problems under consideration and briefly discuss simple
reachability and one step reachability. In Section 4 we develop the algorithm
to solve the recurrence problem. The undecidable reachability problems are
considered in Section 5. In Section 6 we use the results from Sections 3 and
4 to define a temporal logic that has a decidable model-checking problem
for the class of regular ground tree rewriting graphs.

2 Regular Ground Tree Rewriting Graphs

We start with the basic terminology concerning graphs, trees, tree automata,
and tree rewriting.

Graphs A directed edge labeled graph G is a tuple G = (V, E, Y'), where
V is the set of vertices, X is the finite set of edge labels, and E C V x X xV
is the set of edges. We only consider countable graphs, i.e., the set V is
countable. Whenever we use the notion of graph without specifying the
type of the graph in more detail, then we mean a countable directed edge
labeled graph. If we are not interested in the edge labels or if we consider
graphs without edge labels, we omit Y’ and assume that E CV x V.

For a vertex u € V, a successor of v is a vertex v € V such that (u,v) €
E. A path 7 in G is a nonempty sequence of vertices m = vg - - - v, such that
(vi,vi41) € E for all i € {0,...,n — 1}. The length of a path 7 = vy - - v,
is n. For two vertices u,v € V we say that there is a path from u to v if
there is a path # = vg--- v, in G with vy = u, and v, = v. Infinite paths
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Fig. 1 The tree from Example 1

are defined in the same way as finite paths but with an infinite sequence
of vertices. A path is maximal if it is infinite or if it is finite and cannot
be extended. For a path m we denote by (i) the ith vertex on m and by
7[i,00) we denote the suffix of 7 starting in ().

Ranked Trees For a set X we denote by X* the set of all finite sequences
over X and by X7 all finite nonempty sequences over X. For w € X* the
length of w is denoted by |w| and the empty sequence is denoted by e.
By N we denote the set of natural numbers, i.e., the set of non-negative
integers. By C we denote the prefix ordering on N* and by C the strict
prefix ordering. That is,  C y for x,y € N* if there is z € N* such that
y=xz,and z Cyif z Cy and = # y.

A ranked alphabet A is a finite family of finite sets (A;);epx), where
[k] = {0,...,k}. In the following, k always denotes the maximum rank in
A. For simplicity we identify A with the set Uf:o A;. To specify a ranked
alphabet one can list all the sets A; or simply specify the set of all symbols
together with their ranks.

A ranked tree t over A is a mapping ¢t : D; — A with D; C [k — 1]* such
that

— Dy is finite and prefix closed,

- Dt 7é Qv

— for each x € N* and 7 € N: if 2 € Dy, then x5 € D, for all j <4, and
— if 20,...,2(i — 1) € Dy and zi ¢ Dy, then t(z) € A,.

The set Dy is called the domain of ¢ and the elements of D; are called the
locations of ¢ (we do not call them vertices to clearly separate them from
vertices of a graph). For x,y € D; we call « the predecessor of y and y a
successor of x if there is ¢ € N such that y = zi. The set of all ranked trees
over A is denoted by Ty4.

We use the usual term notation and graphical notation for trees as shown
in the following example.

Ezample 1 Let A be the ranked alphabet given by Ag = {a,c}, 41 = {b},
Ay = {a}. Then t : {¢,0,1,00,01,10} — A with t(e) = ¢(0) = ¢(01) =
t(10) = a, t(1) = b and #(00) = c is a ranked tree over A. The graphical and
the term notation are shown in Figure 1. O
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Given a tree t and a location z of ¢, the subtree of ¢ at the location
x is the tree obtained by taking all locations of ¢ that have x as prefix,
removing the prefix x from all these locations, and keeping the labels. This
is formalized as follows. For # € N* we define xD; = {zy € N* | y € D;}
and 27'D; = {y € N* | zy € D;}. For & € D; the subtree t'% of ¢ at x is
the tree with domain D;1. = 71D, and t'*(y) = t(zy).

To formalize the concept of replacing a subtree of a given tree by an-
other tree we introduce the notion of substitution. A substitution is a pair
consisting of a location x € N* and a tree s € T4, written as [z/s]. A sub-
stitution [z/s] can be applied to a tree t if © € D;. The result t[z/s] of a
substitution applied to ¢ is the tree ¢’ with domain Dy = (D \ D1 ) Uz Dy
and

oy JUy) ify € D\ xDye,
t'(y) = {s(z) if y = xz with 2z € Dy.

This means we replace the subtree t'* in ¢ by s.

Ground Tree Rewriting A ground tree rewriting system (GTRS) is a tuple
R = (A, X, R, tin), where A = (A;);cpx) is a ranked alphabet, X is an alpha-
bet, R is a finite set of rules of the form s < ¢ with 5,8 € Ta, 0 € X, and
tin € T'4 is the initial tree. The set of rules defines what kind of substitutions
are compatible with R as follows. A substitution [z/s'] is (R, o)-applicable
to atreet € Ty if x € D; and if there is a rule s < s’ € R with s = 1. Tt
is R-applicable to ¢ if it is (R, o)-applicable to t for some o € X. We write

— t —% t' if there is an (R,o)-applicable substitution [z/s] such that
tlz/s' =+,

— t —p t' if there is 0 € X with t —% t/, and

— —’ for the transitive and reflexive closure of — .

Pushdown automata (cf. [15]) are simple examples for ground tree rewrit-
ing systems if we consider the symbols of the stack alphabet as unary sym-
bols and the control states as constants. The rewrite rules correspond to
the transitions of the pushdown automaton and the initial tree to the initial
configuration of the pushdown automaton.

We want to consider a generalization of ground tree rewriting that does
not just use single trees on each side of the rules but sets of trees instead.
For this purpose we introduce tree automata.

Tree Automata Finite automata over finite words are a formalism to rep-
resent certain kinds of infinite sets of words, the so-called regular sets or
regular languages. The theory of finite automata and regular word languages
can be transferred to finite ranked trees by means of tree automata. Tree
automata are devices with finite memory that read input trees and accept
or reject them. In the following we introduce the models of nondeterministic
bottom-up automata with and without e-transitions. For a more compre-
hensive introduction to tree automata see, e.g., [14] or [5].
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A nondeterministic tree automaton (NTA) is a tuple A = (Q, A4, A, F),
where @ is a finite set of states, A = (A;);ex) is a ranked alphabet, F' C Q

is a set of final states and A C (Uf:O Q' x A;) x Q is the transition relation.

Tree automata can be viewed as special ground rewriting systems over
the alphabet A with Ay augmented by the elements of (). The elements
of the transition relation are interpreted as rewriting rules as follows. Let
qo,---+4i—1,9 € Q and a € A;. The transition (qo, ..., g1, a, q) corresponds
to the (unlabeled) rewriting rule

SN e
o

qi—1

This allows us to use the terminology of ground rewriting systems from the
previous section to define the set T'(A) of trees accepted by the NTA A:

TA)={teTa|3gqeF : t-=7q}

So T'(A) is the set of all trees that can be transformed into a final state
using the transitions as rewriting rules. A set of trees that can be accepted
by an NTA is called regular.

Another way of defining acceptance of an NTA is to use the notion of run.
A run p of A on a tree t is a mapping p : Dy — @ such that for each x € Dy,
if & has i successors in ¢, then (p(z0), ..., p(z(i—1)),t(x), p(x)) € A. We call
this transition the transition used in p at location x. A run p is accepting
if p(¢) € F. One can easily verify that ¢ —% ¢ iff there is a run of A on ¢
with p(e) = q.

In Section 4 we also need partial runs. A partial run of A on a tree
t is a partial function p : D; — @ such that for each x € Dy, if p(x) is
defined and z has i successors in ¢, then p(x0),...,p(z(i — 1)) are defined
and (p(20),...,p(z(i — 1)),t(z), p(z)) € A.

In many proofs, if a tree t can be reduced to a state p of an automaton
A, ie., t =% p, we are interested in the state that is used at a specific
location z € D, in this reduction. If this state is ¢, then we write

t = tlz/a] =4 p.

This means that the automaton reduces the subtree of ¢ at location = to
the state ¢ and then reduces the remaining part of ¢ to p. In the following
remark we give two simple arguments that are used repeatedly in connection
with this notation.

Remark 1 Let A= (Q,A, A, F)bean NTA, p,qg € Q,t,s € T4, and = € D;.

(i) t =% tlx/q] iff ¥ —% q.
(ii) If t[z/q] —% p and s —7% g, then t[z/s] —% p.
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The proof of this remark is trivial and therefore omitted, but we think that
isolating these two facts might ease the reading of several proofs.

An NTA as defined above reduces a tree t over A to a single state by
removing from t one occurrence of a symbol from A in each rewriting step.
To simplify constructions of automata we introduce an extension of this
model by allowing the automaton to change a state without removing one
of the input symbols. This leads to the model e-NTA, which is equivalent to
the model of NTA in the sense that the class of accepted languages consists
of all regular languages.

An e-NTA is a tuple A = (Q, A, A, F), where @, A, F are as for NTA
and A C ((Uf:0 Q' x A;) x Q) U (Q x Q) is the transition function. The
only difference to NTA is that transitions of the form (p, q) for p,q € @Q are
allowed. Transitions of this kind are called e-transitions. An e-transition
(p,q) for p,q € Q corresponds to a rewriting rule p < . The set T(A)
accepted by an e-NTA is defined as for NTAs. Note, that the notion of run
is not defined for e-NTAs.

An important property of the class of regular tree languages is its clo-
sure under Boolean operations. Here, we give constructions for union and
intersection. For other closure properties and correctness proofs for the sub-
sequent constructions we refer the reader to [5].

For the complexity analysis of automaton constructions we need the size
|A] of a tree automaton. Similar to [5] we define the size |a| of a transition
a = (qo,---,qi—1,a,q) € A as |a] = ¢ + 2. The size of an e-transition «
is 2. The size of A is the number of states plus the sum of the size of all
transitions in 4, i.e.,

A= 1QI+ D |al.
acA
To refer to the language of an automaton with a certain state as final state
we define for ¢ € Q the automaton A(q) = (Q, A, A, {q}). With this defini-
tion we get t € T(A(q)) iff t =% ¢.

Let Ay = (Q1,4,41,F1), Ay = (Q2, A, As, F5) be two e-NTAs with
Q1N Q2 = (. The automaton A; U Az recognizing the union of T(A;) and
T(As) is defined as

AiUA = (Q1UQ2, A, A1 U Ay, Fy UF).

The automaton A; x As for the intersection of T'(A;) and T'(Az) is defined
as

Ar X Ay = (Q1 X Q2, A, Ay, Fi X Fy),
where Ay contains the transitions of the form
- ((p07 q0)7 KRN (pifh qi71)7 a, (p7 q))
for (p07 -y PDi—1, avp) € Al and (QOv sy qi—1, 4, Q) € A2a

— ((p,q), (1", q)) for (p,p') € Ay, and
- ((p> q)a (p, q/)) for (q7q,) € A2~

Proposition 1 Let A, Az be two e-NTAs. Then
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(i) T(A U Ag) =T (A1) UT(Az) with |A; U As| € O(|AL| + |A2|), and
(ZZ) T(Al X .AQ) = T(.A1) ﬂT(Ag) with |.A1 X A2| S O(|A1| . |A2D

As for automata on finite words, complementation of nondeterministic
tree automata uses the subset construction for determinization.

Proposition 2 For each e-NTA A there is an e-NTA A with T(A) = T4 \
T(A) and |A| € O(21A).

For later use we need an operation that transforms an e-NTA A into an
e-NTA Aj. accepting exactly those trees that are accepted by A with a
reduction that uses exactly one e-transition. This can easily be achieved by
a construction that redirects e-transitions to a copy of the state set of A.

Proposition 3 Let A = (Q, A, A, F) be an e-NTA and denote by A’ the
NTA that is obtained from A by removing the e-transitions. One can con-
struct in time O(|A|) an e-NTA A, of size O(|A|) that accepts a tree t iff
there are q1,q2 € Q and q € F such that t =%, tlr/q1] — 4 tlr/q2] =% q.

An important operation on tree automata is to compute the set of all
reachable states, where a state ¢ is reachable in A if there is a tree ¢ such
that ¢ —% ¢. This can be done efficiently (see, e.g., [5]).

Proposition 4 The set of all reachable states of an e-NTA A can be com-
puted in time O(|Al).

Regular Ground Tree Rewriting Regular ground tree rewriting systems are
defined in the same way as GTRS but with regular sets instead of single trees
in the rewriting rules. A regular ground tree rewriting system (RGTRS) is
a tuple R = (A, X, R, tin), where A, X', and ¢, are the same as for GTRS
and R is a finite set of rewriting rules of the form T <L T for regular
sets T, T" C T4 of trees. For algorithmic applications we assume that these
regular sets are given by nondeterministic tree automata.

A substitution [x/s] is (R, o)-applicable to a tree t if € D, and if there

isarule T < T’ € R with ¢! € T and s’ € T'. With this adapted definition
of (R, o)-applicable substitution the definitions of R-applicable, =%, —x,
and —% are the same as for GTRS. The tree language that is generated
by Ris T(R) = {t € Ta | tin —% t}. We are interested in the graph
structure that is naturally induced on T(R) by the rewriting relation. The
directed edge labeled graph Gr = (Vg, Er,X) generated by R is defined
by Vg = T(R) and (t,0,t') € Ex if t =% t'. Graphs that are isomorphic
to G for some RGTRS R are called regular ground tree rewriting graphs
or RGTR graphs for short.

Ezample 2 We define an RGTRS R = (4, X, R, t;,) as follows. The ranked
alphabet is A = (4;);cjy) with Ag = {a,b}, A1y = {c}, and Ay = {d}, the
alphabet for the edge labels is X = {0,1}, and the initial tree is ¢;, =
d(a,b). One rule contains an infinite set of trees on the right hand side.
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d(a, b) ——=d(a, ¢(b)) ——=d(a, ¢(c(b))) ——=d(a, ¢(c(¢(b)))) ———= -

Fig. 2 The graph of the RGTRS from Example 2

For this purpose we define the NTA A = ({qo,q1}, 4, A, {q:1}) with A =
{(b,90), (q0,¢,q1), (q1,¢,q1)}. The set T(A) accepted by A contains all the
unary trees of the form ¢(-- - ¢(b) - - - ). The set R of rewriting rules is defined
as B = {{a} = {c(a)}, {} = T(A)}.

The graph G is shown in Figure 2, where the horizontal edges have
label 0 and the vertical edges have label 1. Basically, it is the infinite grid,
but in each row each vertex has infinitely many edges to the right. O

An RGTR graph only consists of the trees reachable from the initial tree,
but substitutions can also be applied to trees outside of T'(R). This leads to
the notion of R-path, as defined below. Furthermore, we have to introduce
some terminology to refer to the substitutions generating the edges of paths
through RGTR graphs.

The graph induced by R on the set of all trees over A is Gr = (T4, Er, Y)
with (¢,0,t') € Eg if t =% t'. An R-path (or just path if R is clear from
the context) is a path in G, i.e., it is a finite or infinite sequence tot;ts - - -
of trees such that t; —5 t;41 for all ¢;,¢;,1 in this sequence. For each such
path there is a sequence of substitutions [x¢/so], [x1/51], [x2/s2],... such
that

— I; € Dti and ti+1 = tz[xz/sz],
- tzlz €T and s; € T" for some rewriting rule T <> T” of R.
Such a sequence of substitutions is called an R-derivation of the path

totits--- or just derivation if the rewriting system R is clear from the
context. It might happen that there are two different substitutions [z;/s;]
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and [z}/s}] such that ;41 = t;[x;/s;] and t;41 = t;[x}/s}]. Therefore, there
may be more than one derivation for a sequence of trees. Sometimes it is
desirable to speak of the derivation of a sequence of trees. In this case we
take the unique derivation [xq/so], [x1/51], [2/s2], ... with maximal z;, i.e.,
if t;41 = t;[x/s], then either x C x; or there is no rule T’ < T with tilm eT
and s € T'. Note that this is just a convention to make things precise in
some proofs. It would also be possible to take the minimal z; but the idea
behind this convention is that as few locations of the tree as possible should
be involved in the rewritings.

If 7 is a finite R-path, then 7 : t —% t' means that 7 is an R-path from
t to t’. For trees t,t' with t —7% t', a derivation of t —% t’ is a derivation
of an R-path from ¢ to ¢’. This derivation is not unique since there may be
different R-paths from ¢ to t'.

We need several notations in connection with the rewriting relation.

— For trees t,t we write t H?E t' if ¢’ is reachable from ¢ with at least one
substitution, i.e., if there is a tree ¢’ such that t — t" —% t'.
— For sets T, ..., T, of trees we write

T —r Ty =g —pTh

if there are t; € T; for each ¢ € {1,...,n} such that t; —% t2 —%
- =% tn. We also use this notation for H;; and combinations of —%,
and —>7J§.

— For a tree t and a set T' of trees we write ¢t —% 7' if there is an infinite
sequence tg —x t1 —p to —g -+ with ¢ = ¢y such that infinitely
many of the t; are in T. Furthermore, for sets 77, T5 of trees, we write
Ty —>“7)2 T5 if there exists t € T} with ¢ —>% Ts.

— If 7 is an infinite R-path starting in a tree ¢ and visiting a set 1" of trees
infinitely often, then we denote this by 7 : ¢t —% T

We also use these notations for single trees instead of sets of trees and write,
e.g., t =% t' instead of t —% {t'}. Please note that in the above definitions
we always ask for the existence of a tree. So T7 —% T3 is true if there exists
a tree in T} from where we can reach T5. We do not require that from all
trees in T we can reach T, as the notation might suggest at first glance.

Another relation derived from the rewriting relation is the inverse of
the rewriting relation. This relation is useful for the analysis of backward
reachability problems. The inverse R~! of an RGTRS R = (A, ¥, R, ti,) is
obtained from R by reversing the rules in R, i.e., R™! = (4,2, R™1 t;,)
with 7% T e RV iff 7<% T' € R.

As for automata, we need to define the size |R| of an RGTRS R to be able
to estimate the complexity of algorithms on RGTRSs. Let R = (A, X, R, tin)
be an RGTRS with R = {T}y & TY,..., T, <5 T',} such that T; = T(A;)
and T] = T'(A}) for NTAs A; and A,. We define the size |R| of R as

m

IRl =Y (1Al + AL

i=1
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Note that t;, is not taken into account in this definition because the algo-
rithms and constructions presented in the next two sections do not depend
on it. The initial tree is used to obtain graphs with a designated source
vertex to define the model-checking problem in Section 6.

3 Basic Reachability Problems

Our goal is to analyze the model-checking problem for RGTR graphs and
temporal logics. More precisely, we analyze the question what kind of tem-
poral specification logic £ can we use such that the problem of deciding
whether (Gg,tin) = ¢ can be solved by an algorithm for all formulas ¢
from L. To answer this question we introduce the following reachability
problems that correspond to the semantics of basic temporal operators.

One step reachability: Given an RGTRS R, a vertex t, and a set T of ver-
tices of G, does there exist a successor of ¢ that is in 77

Reachability: Given an RGTRS R, a vertex ¢, and a set T' of vertices of
G, does there exist a path from ¢ to a vertex in 17

Constrained reachability: Given an RGTRS R, a vertex ¢, and sets T7,T5
of vertices of G, does there exist a path from ¢ that remains in 75 until
it eventually reaches a vertex in 777

Recurrence: Given an RGTRS R, a vertex ¢, and a set T' of vertices of G,
does there exist a path from ¢ that infinitely often visits T'7

All of these questions can also be posed in their “universal versions”. These
versions do not ask for the existence of a path but whether all paths have
the respective property:

Universal one step reachability: Given an RGTRS R, a vertex ¢, and a set
T of vertices of Gg, are all successors of ¢t in 17

Universal reachability: Given an RGTRS R, a vertex ¢, and a set T of
vertices of G, do all paths from ¢ eventually reach a vertex in T'7

Universal constrained reachability: Given an RGTRS R, a vertex t, and
sets 11, T, of vertices of Gr, do all paths from ¢ remain in 75 until they
eventually reach a vertex from 7,7

Universal recurrence: Given an RGTRS R, a vertex ¢, and a set T' of vertices
of Ggr, do all infinite paths from ¢ infinitely often visit T'7

For the sets of vertices used in the specification of the problems we use
regular sets of trees. This allows us to use finitely represented infinite sets,
which can serve as input for an algorithm.

One should note that the universal one step reachability can be ex-
pressed as the negation of the one step reachability: all successors of ¢ are
in T if no successor of t is in the complement of T'. This relation is not valid
for the other problems. Furthermore, it should be mentioned that (univer-
sal) reachability is a special case of (universal) constrained reachability by
setting the set T5 to the set of all trees. The problem of universal reachabil-
ity is shown to be undecidable in Section 5. Therefore, it is clear that the
universal constrained reachability is also undecidable.
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‘ Problem | Temporal Operator | |
one step reachability EX decidable
reachability EF decidable
constrained reachability EU undecidable
recurrence EGF decidable
universal one step reachability AX decidable
universal reachability AF undecidable
universal constrained reachability | AU undecidable
universal recurrence AGF undecidable

Table 1 Overview of decidability results

Table 1 gives an overview of the results from the next two sections and
also lists for each problem the corresponding temporal operator in CTL*
(cf. [10]) notation.

One step reachability and reachability are already known to be decid-
able. These results can be found in [5] in the context of closure properties of
ground tree transducers. Since we need these results in Section 6 we state
them in the following without proofs. For a detailed description of the al-
gorithms used to obtain the desired complexities, we refer the reader to
[18].

In correspondence to the problems of one step reachability and reacha-
bility we define the following sets for an RGTRS R and a set T of trees.

preg(T) ={te€Ta |t —x T}, prex(T):={teTa|t—5% T},
postr(T) :={t€Ta |T —x t}, posth(T):={teTa|T —%t}.

The subsequent results state that it is always possible to construct e-NTAs
recognizing these sets if the set T is given as an e-NTA.

Theorem 1 Let R = (A, X, R, tin) be an RGTRS and A= (Q, A, A, F) be
an e-NTA. One can construct an e-NTA Ape,, of size O(|R|-|A|) accepting
the set preg (T'(A)).

The regularity of postg(T(A)) is a direct consequence of Theorem 1 and
the equality postg(T) = preg-1(T).

Corollary 1 Let R = (A, X, R, tin) be an RGTRS and A= (Q, A, A, F) be
an e-NTA. One can construct an e-NTA Apost,, of size O(|R|-|A]) accepting
the set postg (T(A)).

For the reachability problem we have similar properties as for the one step
reachability.

Theorem 2 Let R = (A, X, R, tin) be an RGTRS and A= (Q, A, A, F) be
an e-NTA. One can construct an e-NTA Aprer, of size O(|R| - (|A] +[R]))
such that

(i) Aprez, = (QUQ', A, AU A" F) for some Q" and A', and



Reachability Problems on Regular Ground Tree Rewriting Graphs 13

(ii) t € T(Apes, (a)) iff t —% T(A(g)) for cach q € Q.

Note that (ii) of the previous theorem implies that T'(Aprez, ) = prey (T'(A)).
The time complexity for constructing Ape:, is given in the following theo-
rem, a proof of which can be found in [18].

Theorem 3 The automaton Aprex, can be constructed in time O(|R|?-(|A|+
R[))-

As for one step reachability one can also apply Theorem 2 to the inverse
rewriting system to obtain an automaton Apestz for the set posty (T'(A)).

As we will see later, for the study of the recurrence problem we have to
deal with iterated reachability problems of the form T'(A) —% T(B) —%
T'(C). More precisely, we have to compute the set of all tuples (p, ¢, ), where
p,q,r are states of A, B, C, such that T(A(p)) —% T(B(q)) =% T(C(r)).
Using the fact that T(A(p)) —% T(B(q)) —% T(C(r)) iff there is a tree
t € T(B(q)) such that ¢t € postk (T'(A(p))) and ¢t € prek (T(C(r))), nested
computations of prej can be avoided.

Lemma 1 Let p, q,r be states of e-NTAs A, B, C, respectively. Then (p,q,r)
is reachable in Apostz, X B X Cpres, iff T(A(p)) —% T(B(q)) —% T(C(r)).

Proof The state (p, q, ) is reachable in Apostz, X BX Cpres, iff thereis ty € Ty
such that to € T'(Apostz, (p)), t2 € T(B(q)), and t2 € T(Cprez, (1)). According
to Theorem 2, this holds iff there are t; € T(A(p)) and t3 € T(C(r)) such
that ¢ —>% to %;% ts. O

Hence, we get the following complexity.

Lemma 2 Given e-NTAs A, B, C one can compute the set of all (p,q,r)
with T(A(p)) —% T(B(q)) =% T(C(r)) in time O(R?|B|(|A] + [R])(IC| +
IR]))-

Proof By Lemma 1 it is sufficient to compute the set of reachable states in
D = Apostz, X B X Cpre, , which can be done in linear time in the size of D
(Proposition 4). The size of D is

Dl = [Apostz,

Bl [Cores,

€ O(IR[ - (|A] + [R]) - B[ - [R| - (IC] + [RDD-

Constructing Apostz, takes time O(|R|*(|A] 4 |R])) and constructing Cpyes,
takes time O(|R|?(|C|+|R|)). Therefore, the total time is in O(|R|?|B|(|.A|+
IRDACI+[R[)). O

4 Decidability of the Recurrence Problem

In this section we develop an algorithm to compute for an NTA A and an
RGTRS R an e-NTA accepting the set of all trees t with ¢ —% T(A). A
similar algorithm was already published in [17] for ground tree rewriting
systems but without detailed correctness proofs.
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Since RGTR graphs are infinite, in general, a path that visits a set
T(A) of vertices infinitely often either visits a single vertex from this set
infinitely often, or it visits infinitely many different vertices from T'(A4). To
distinguish these two cases we make the following definition for an RGTRS
R =(A, X R, tin), t € Ta, and a set T of trees:

— t =% T with loop if there is ' € T such that ¢t —% t'.
— t —% T without loop if t —% T and not ¢ —% T with loop.

In the analysis carried out in this section we will distinguish these two
cases (recurrence with or without loop). We would like to mention that
the algorithm developed for recurrence without loop can also be applied to
solve the case of recurrence with loop. As this algorithm and the proof of
its correctness are rather involved, we have chosen to treat recurrence with
loop separately (in a different way) to avoid additional case distinctions and
proofs in the development of the algorithm.

For the remainder of this section we fix an NTA A = (Q,A, A F)
and an RGTRS R = (A, X, R, ty) with R = {Ty & T,....T,, &3 T/},
where the sets T;, 7! are accepted by NTAs A; = (Qi, A, A;, F;) and A, =
(QL, A, Al F}), respectively.

To obtain the algorithm we proceed in two steps. In the first step
both cases (recurrence with and without loop) are reduced to instances
of the reachability problem. This works as follows: Assume that for some
ie{l,...,m} and g € Q we have T} —% T(A(q)). Let t € T4 and assume
that a tree s is reachable from ¢ in R such that there is a location x € Dy
with st” € T; and s[z/q] —% F. Then we can replace this subtree of s at =
by an appropriate tree t' € T with t' —% T(A(q)). Since s[z/q] =% F we
get t —% T(A).

On the other hand, we also show the converse, i.e., if t € Ty with t =%
T(A), then there are ¢ € {1,...,m} and ¢ € Q with T} —% T'(A(q)), and
from t a tree s with the above properties is reachable.

Hence, we have reduced the problem to a reachability problem. The
difficulty is that we used the condition T} —% T(A(g)) in the definition
of the set of trees that has to be reached. This problem is shown to be
decidable in the second step.

Step 1: Reduction to Reachability. We start with an elementary technical
lemma using that substitutions that are not “synchronized” via a substitu-
tion at a common ancestor are independent.

Lemma 3 Let tg,t1,...,t, € T4 such that to —5 t1 =5 -+ —x tn with
derivation [xo/So), ..., [Tn—1/Sn—1]. If £ € Dy, is such that x; [ = for all
j€{0,...,n—1}, then

(i) to =% tolz/t5"] and

(ii) for0 < j<m—1, tjm —r tﬁ_l if t C xj, and tjw = tjl-f_l otherwise.
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Proof The idea for (i) is to omit all substitutions [x;/s;] with z C ;.

The formal proof is an induction on n. For n = 0 the claims (i) and
(ii) obviously hold. If n > 1, then tg —% t,—1[z/ t(lf] by the inductive hy-
pothesis. If # T z,_1, then t,_1[z/t"] = t,]x/t}*] and hence (i) holds.
If + Z x,_1, then x and z,_; are incomparable and the substitution
[Tn—1/8n—1] can also be applied to tn,l[m/téz], yielding ¢, [ac/tém]

For (ii) we get as inductive hypothesis t;z —xr tﬁ_l if z C zj, and
t;x = tjﬁl otherwise, for all 0 < j < n — 2. Again we distinguish two cases.
If x C x,_1, then obviously t,{{l —r tit If 2 I 2,1, then x and z,_;
are incomparable. Hence, the substitution [2,_1/s,—1] does not affect the
subtree at x and therefore t#_l =t O

For the reduction to the reachability problem we define the following
two sets:

Reci1 (R, A) = {t €Ty

dr € Dy,qge Q,ie{l,...,m} : tlweTi,}
T =% T(A(q) =% Tistlz/q =4 F |~
dx € Dy,qeQ,ie{l,...,m} : tleTi,}

Recy(R, A) = {t €Ta T! —% T(A(q)) without loop, t[z/q] =% F

The following lemma shows that an automaton for {t € T4 | t =% T(A)}

can be constructed by first constructing an automaton for the union of

Reci (R, A) and Reca(R,.A) and then applying Theorem 2. The conditions

for Rec1(R,.A) can be checked by an e-NTA since the problem T} —%

T(A(q)) —% T; is decidable for each pair of ¢ € {1,...,m} and ¢ € @

by Lemma 2. Similarly, we can construct an automaton for Recy(R, A) if
w

we can decide the problem T —% T(A(q)) without loop for each pair of
ie{l,...,m}and ¢ € Q.

Lemma 4 Lett € Ty.

(i) t =% T(A) with loop iff t € pre (Reci (R, A)).
(i1) t =% T(A) without loop iff t € prely (Reca(R,A)) \ pref; (Reci (R, A)).

Proof (i) “=":If t —% T(A) with loop, then there are to,...,t, € T4 with
n € N such that ty € T(A), t =% to, and

tO*)Rtl HR"'HRtn*}RtO

with derivation [z¢/s¢), ..., [€n/sn]. We choose j € {0,...,n} such that z;
is the minimal location from {zo, ..., z,}, with respect to C. This minimal-
ity implies that 2; € Dy, for all I € {0,...,n} because x; € D;; and no
substitutions are made above z;. Let i € {1,...,m} be such that t;xj eT;
and s; € T/, and let ¢ € Q with to —7% to[z;/q] —% F. Define the tree
=ty [mj/tjl-wj]. By applying Lemma 3(i) to the sequence t; —5 -+ —5 to
we know t; —% t' and thus ¢ —% .

To show that ¢ € Reci(R,A), and hence ¢t € pref (Reci(R,A)), first
note that, by the definitions of ', ¢, and ¢, we have already established
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(t")1%i € T; and '[z;/q] —% F. Furthermore, since ; i z; for all [ €
{0,...,n}, we know that tjmj —R tjl-fl o tjmj by Lemma 3(ii)
applied to t; —g -+ —g to —g -+ —g t;. Hence, we get T} —%
T(A(g)) —% T; because tjﬁjl =s; € T}, t(l)zj € T(A(q)), and tﬁxj e T;.
Therefore, all conditions are satisfied and ¢’ € Rec; (R, A).

“<”: Assume that ¢ —% t' € Reci(R,A) and let * € Dy, ¢ € Q,
i € {1,...,m} be such that ()'* € T;, T —% T(A(q)) —% Ti, and
t'[v/q] —% F. Furthermore, let s € T;, s € T/, and s” € T(A(q)) be
such that s’ —% s” —% s. From t'[z/q] =% F and s” —% ¢ we get
t'[x/s"] =% F. Then t —% T(A) with loop as follows:

t =gt =g U/s'] =R Vlw/s"] =R t'e/s] =g U[z/s].
——

€T (A)

(ii) “=": For ty —% T(A) without loop let t1,ts,... be an infinite
sequence of trees such that

t0—>Rt1 —>Rt2-"

with derivation [xg/so], [21/51],... and t; € T(A) for infinitely many [ €
N. First note that there are only finitely many minimal locations in the
derivation, with respect to C. This is because all minimal locations must be
in Dy,. Among these finitely many minimal locations from the derivation
there must be at least one location x such that infinitely many substitutions
are made below x. Therefore, we can choose j € N such that z; Z x; for
all [ and x; E x; for infinitely many /. Note that z; Z z; for all [ implies
that =; € Dy, for all [. Since infinitely many trees along the sequence are
accepted by A and since A has finitely many states, there is ¢ € @ such
that ¢, —% t;[x;/q] =% F for infinitely many /.

Leti € {1,...,m} with tjzi € T; and s; € T/, and let k > j be such that
ty =% trlr;/q] =% F. Similar to the proof of (i) we define t' = tk[a:j/tjz"]
and get tg —% ¢’ by Lemma 3(i) applied to t; —5 - - —x tg. Furthermore,
we have ()% = tjfcj € T; and t'[x;/q] = tplx;/q) =% F.

It remains to show that T} —% T'(A(q)) without loop. Since z; C z;
for infinitely many [, and t; —% #;[x;/q| —% F for infinitely many [, we
can choose a strictly increasing sequence Iy, lo,(3,... such that for all m,
tr,, =% ti, [z;/q) =% F and there exists I, <1, < lyq1 with z; E 2y .

Since s; € T/, we can conclude that T —% T(A(g)) because s; =

t;fl —% tlllx" —% tll:" —% -+ by Lemma 3(ii) and the choice of the
lm. Assume that 7] —% T(A(g)) with loop. Then there is s’ € T] and
s" € T(A(q)) such that s’ —% s”. Hence, t'[x;/s'] =% t'[x;/s"]. From s” €
T(A(q)) and ¢'[z;/q] =% F we get t'[z;/s"] € T(A) and thus ¢'[z;/s'] =%
T(A) with loop. From ty —% t/, ()% € T;, and s’ € T] we get tg —%
t'[x;/s'] and therefore ty —% T'(A) with loop, contradicting the assumption
that to —% T'(A) without loop.
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“<": If t € prej (Reca(R, A)) \ prek (Reci (R, A)), then we know from
(i) that not t —% T(A) with loop. Let ¢ € Reca(R, A) with t —% ¢'. Let
r € Dy, q € Q,i € {l,....,m}, and s € T/ be such that (¢)* € T,
s' =% T(A(q)) without loop, and t'[x/q] —% F. Then obviously t' —
t'[z/s'] =% T(A) and therefore ¢t —% T(A) without loop. O

A simple consequence of the previous lemma, is
Lemma 5 Fort € Ty, t =% T(A) iff t € prefy (Reci (R, A) URecz (R, A)).

In the sequel we develop a procedure to decide for i € {1,...,m} and
g € Qif T —% T(A(g)) without loop. This, in turn, enables us to construct
an e-NTA for Reci (R, A) UReca(R, A).

Step 2: Recurrence without loop. We start by a general analysis of se-
quences of trees that infinitely often visit a regular set of trees. So, in the
beginning we abstract from the more specific question “I} —% T(A(q))
without loop” and study general sequences of trees starting from some tree
t and visiting some regular set T'(A) infinitely often without loop. The goal
is to gather some information on how the trees in such sequences and the
corresponding accepting runs of A evolve. Later, we use this information to
solve our original problem “I} —% T(A(g)) without loop”. A first tool is
the limit of a sequence of trees. It contains all the locations of the trees in
this sequence that eventually stay fixed.

To simplify notation, a path 7 always means an R-path 7 for the RGTRS
R fixed at the beginning of this section. Let [xq/so], [z1/51],... be the
derivation of an infinite path 7 starting with a tree t € T4. A location
x € N* is called stable on 7 if it is present in all the trees from 7, and if it is
never involved in any of the substitutions. More formally, x € N* is stable
on 7 if & € Dy;y and x; IZ 2 for all i € N. Recall that m(i) denotes the ith
vertex on the path 7. Since the vertices of an R-path are trees, 7(¢) denotes
the ith tree on 7.

The limit lim(7) of 7 is defined as

lim(w) = {# € N* | Ji € N : z stable on [, 00)}.

If x is stable on 7[i,c0) for some i € N, then, by the definition of stable,
each prefix y of x is stable on 7[i, 00), too. Hence, lim(r) is prefix closed.
Furthermore, note that = being stable on 7[i, c0) for some ¢ € N also implies
that « is stable on 7[j,00) for all j > i. We will use this fact implicitly in
several proofs.

For a location = ¢ lim(7) there are two possibilities: either z is involved
in infinitely many substitutions or x only occurs in finitely many trees on
m. We are interested in paths where the latter case holds for all locations
that are not in the limit of the path. An infinite path 7 is called stable if
for all x ¢ lim(m) there exists an i € N such that x ¢ D (; for all j > 1.
Informally speaking, 7 is stable if there is no location that is involved in
infinitely many substitutions on 7. This is made precise by the following
lemma.
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Lemma 6 For an infinite path m with derivation [xo/sol, [x1/51],- .. the fol-
lowing statements are equivalent.

(i) The path m is stable.
(i1) For all x € N* the set {j € N | z; =z} is finite.
(iii) For all x € N* the set {j € N|z; T z} is finite.

Proof Assume that 7 is stable and let « € N*. If 2 € lim(7), then there is
i € N such that z is stable on 7[i, c0), by definition of lim (7). This implies
that ; IZ x for all j > ¢ and hence the set {j € N | z; = z} is finite since =
is a prefix of itself. If = ¢ lim(w), then, since 7 is stable, there exists i € N
such that = ¢ Drjy for all j > 4. Thus, x; # x for all j > ¢ and the set
{j € N| z; = 2} is finite. Thus, we have shown the implication (i) = (ii).

The implication (ii) = (iii) follows from the fact that every location has
only finitely many prefixes. So, if y € N* and {j € N | z; = z} is finite for
all prefixes x of y, then {j € N | z; C y} is finite, too.

It remains to show the implication (iii) = (i). Assume that the set
{j € N| z; C z} is finite for all z € N* and let y ¢ lim(n). To show that
7 is stable we have to show that there is i € N such that y ¢ D ;) for all
j > i. Since {j € N | z; C y} is finite, there exists ¢ € N such that z; Z y
for all j > . This obviously implies that either y € Dy ;) for all j > i or
y & Dy for all j > . In the first case y would be stable on 7[i, c0) and so
y € lim(m). Hence the second case holds. O

The following lemma establishes a first connection between the recurrence
problem and stable paths.

Lemma 7 If t —% T(A) without loop and if m is an infinite path with
m:t —% T(A), then 7 is stable.

Proof Let m = totity--- be an infinite path with 7 : ¢ —% T(A), and
let [zo/s0], [x1/81],... be the derivation of m. Let X = {# € N* | ©z =
x; for infinitely many i} be the set of locations that occur infinitely often
in the sequence xg, x1, ... of locations from the derivation. From Lemma 6
we know that 7 is stable if, and only if, X is empty. In the case that X
is not empty we show that ¢t —% T'(A) with loop. By the assumption that
t —% T(A) without loop we get a contradiction.

Assume that X # @) and let = be a minimal element of X with respect to
C. By the minimality of = there exists an index k € N such that z; Z x for all
j > k. Since x equals infinitely many of the z; there must be i € {1,...,m}
such that z = z;, tjl@ € T; and s; € T/ for infinitely many j. Then we can
find j,j1,j2 with & < j1 < j < jo such that v = z;, = xj,, tﬁiﬁ e T;,
Sj15 85, € Ti/7 and tj S T(A)

From Lemma 3(i) we can conclude that t = tg —% t;[x/s;,], and from
Lemma 3(ii) we know that s;, —75 th —% tjl; Furthermore, t]f —x Sii

because t]l; € T; and sj, € T/. Therefore, we get

t =% tilr/sp,] = tile/t"] =% tl/tT] = tilz/s5,].
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Since t; [ac/t]lw] =t; € T(A) we get t =% T(A) with loop. O

If an infinite path 7 is stable, then there is no location involved in in-
finitely many substitutions. Hence, the domain of the trees on m must grow.
This is formalized in the following lemma.

Lemma 8 If an infinite path 7 is stable, then lim(7w) is infinite.

Proof Let 7 be an infinite path with derivation [2(/s¢], [1/51], ... such that
lim(7) is finite. We have to show that 7 is not stable. Since lim(r) is finite,
we can choose i € N such that z is stable on 7[i,00) for all x € lim(w).
Let j > ¢ be such that z Z z; for all k£ > 4, i.e., z; is a minimal location
in the derivation starting at position i. Since j > ¢ and by the choice of
i, x; ¢ lim(m). But 2; € Dy(;) because the jth substitution replaces the
subtree at x;. Furthermore, xy [Z x; for all k > j and thus x; € Dy, for
all k > j. This verifies that 7 is not stable. O

From Lemmas 7 and 8 we can conclude that the trees on paths w with
7wt =% T(A) without loop grow indefinitely. To develop an algorithm
that can check whether such a path exists, we show that if such a path «
exists, then it has the following “nice” property.

— For infinitely many trees on 7 there are accepting runs of A. These runs
do not differ too much, i.e., there are infinitely many trees on 7 such
that there are accepting runs on these trees that agree on growing initial
segments of the trees.

This property is formalized with the next definitions and the subsequent
lemma.

A branch § of a prefix closed set X C N* is a maximal subset of X that
is linearly ordered by C. The initial segment 3'% of 3 up to a location z € 3
is the set

Bl*={yeplyC z}

For z € 3 we denote by succg(z) the successor of x on f if it exists. With
this definition we get the equality

ﬁTsuccg(:p) _ ﬂT:p U {QC}

The following lemma shows that the desired property of mw, which is
described above, can always be guaranteed.

Lemma 9 If t —% T(A) without loop, then every infinite path m with
w: t —% T(A) has the following properties:

(i) im(m) has an infinite branch (3.

(ii) For every infinite branch § of im(w) there is a mapping pg : 0 — Q
with the following property. For each x € (B there are infinitely many
1 € N such that there is an accepting run of A on w(i) that agrees with
pp on the initial segment 31% of 3.
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Proof Let 7 : t =%, T(A) be an infinite path and let [z¢/s0], [z1/51],... be
the derivation of 7.

From Lemma 7 we can conclude that 7 is stable and hence lim(7) is
infinite according to Lemma 8. If we view the locations in lim(7) as vertices
and the successor relation on locations as edge relation, then lim(w) is a
finitely branching (graph theoretic) tree. Thus, we can choose an infinite
branch § of lim(7) by Ko6nig’s Lemma, establishing (i).

To define ps we again make use of Kénig’s Lemma by defining a graph
with vertices of the form (7, ) with location 2 € 3 and mapping 7 defined on
B1%. Formally, (7, 7) is a vertex of this graph if 7 is a mapping 7 : 81 — Q,
and there are infinitely many trees on m that are accepted by A with an
accepting run that agrees with 7 on 3'%. Note that (7,¢), where 7 is the
mapping with empty domain, is a vertex of the graph because 81¢ is empty
and therefore every accepting run agrees with 7 on 3. Furthermore, this
graph has infinitely many vertices because for each z the initial segment 31®
is finite. Thus, since 317 C lim(mr), there exists i € N such that 81* C D, ;
for all j > ¢. Hence, among the infinitely many accepting runs on trees on
7, there must be infinitely many that agree on 8%, defining a mapping 7
such that (7, z) is a vertex of the graph.

We continue by defining the edge relation of the graph. Between two
vertices (71, x1) and (72, z2) there is an edge if zo = succg(z1), and 71 (y) =
T2(y) for all y € B1o1.

This graph is an infinite tree (in the graph theoretic sense) with root
(1,€). The degree of this graph is bounded by |@|. Therefore, by Konig’s
Lemma, there is an infinite path through this graph. The mappings on this
path agree on growing initial segments of . In the limit this path defines a
mapping pg that satisfies the condition (ii). O

Now we are ready to develop the decision procedure for the problem “I} —%

T(A(q)) without loop”. The idea is, for 7 and § as in the previous lemma,
to simulate the substitutions on 7 along g with a finite amount of infor-
mation. We define a finite graph Grec(R,.A) with edges labeled from the
set {0,...,k—1,/,!}, where k is the maximal rank of symbols used in the
RGTRS R. Passing an edge in Grec(R,.A) corresponds to different actions
in the simulation of the substitutions along 3. The symbols 0,...,k — 1
mean that we go down the branch 3, the symbol / means that we simulate
a sequence of substitutions at the current location on 3, and the symbol !
means that we simulate a sequence of substitutions at the current location
on ( in which a tree occurs from the set that should be visited infinitely
often. An infinite path with infinitely many !-edges through Grec(R,.A) cor-
responds to an R-path with infinitely many trees from the set that should
be visited infinitely often.

We first define the graph Grec(R,.A) and then give a more detailed
description of the idea and the correctness proofs.
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Recall that A} denotes an NTA for 77, the right-hand side of the ith
rewriting rule of R. Define the automaton B’ = [J;~, A} and call its state
set P, ie., P' =i~ Qi

Definition 1 The finite graph Grec(R,.A) has the vertex set P’ X Q X Q.
The edges of Grec(R,.A) are labeled from the set {0,...,k—1,/,!} and are
defined as follows.

(1) (p,a,r) > (9,4,7) fori € {0,... .k — 1} if there is 1 € {i + 1,...,k},
a symbol a € Ay, a transition (po,...,pi—1,a,p) in B, and transitions
(goy---sqi-1,0,9), (1o, ...,71-1,a,7) in A with the following properties.

—P=pi, (=¢, T =T1;.
— For each h € {0,...,1 — 1} \ {i}, T(B'(pn)) —% T(A(rn)) —%
T'(A(qn))-

(2) (p,q,r) IN (B, q,7) if there is i € {1,...,m} such that p € F! and
T(B'(p) =% Ti

(3) (p,q,r) 4 (Pyq,q) if there is ¢ € {1,...,m} such that p € F! and
T(B'(p)) =% T(A(r) =% Ti.

Assume that there is a path 7 as in Lemma 9 that visits T'(A(g)) in-
finitely often and starts with a tree ¢ from T}. Let p € F! be such that
te T(B/(p)).

The idea of the graph GRrec(R,.A) is to simulate the substitutions that
are made on 7 along the branch 8. During this simulation we go down the
branch 8 and jump to increasing positions on the path 7. So, we are always
at a location y in 3 and at a position n on 7 such that y is in D).

The first component of the Grec(R, A) vertices holds information about
the trees on 7, namely what state of B’ may be reached when reading the
subtree 7(n)'Y.

The second component of the Ggree(R,.A) vertices keeps track of the
value pg(y). We know that there are infinitely many trees on 7 that are
accepted with runs of A that agree with pg on growing initial segments of 3.
Nevertheless, these runs may differ from pg from a certain location onwards.
The third component of the Grec(R,.A) vertices contains this information.
As soon as we pass an accepted tree, the third component is reset to the
value of the second component, and we wait for the next tree that is accepted
with a run that agrees with pg on the initial segment of 3 up to the current
location y.

We start at position n = 0 on 7 at the location y = € at § with the
vertex (p,q,q). An edge labeled with i € {0,...,k — 1} means that we go
down one step along § to succg(y) = yi, so the new y is the successor of
the old y on 8. The edges labeled with / mean that we jump to a new
position n on 7, namely to the position just after the last substitution at
the current location y on (. Finally, the edges labeled with ! mean the same
as the /-edges with the difference that between the current position n and
the new position n on 7 there is a tree that is accepted by A(g) with a
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run that agrees with pg on the initial segment of 8 up to the location that
was the current location the last time an !-edge was taken. Condition (ii) of
Lemma 9 ensures that we can infinitely often use such an !-edge.

Lemma 10 Let i € {1,...,m} and q € Q. If T] —% T(A(q)) without loop,
then there is p € F! and an infinite path with infinitely many !-edges through
Grec(R, A) starting from (p,q;q).

Proof Let 7 be an infinite path as in Lemma 9 with ¢ € 7] and A = A(q).
Let § be an infinite branch in lim(7) as in Lemma 9(i) and let pg: 8 — @
be as in Lemma 9(ii). We know that the first tree m(0) on 7 is in T/. Let
p € F! such that there is an accepting run of Aj(p) on 7(0).

To formalize the idea described above we inductively define a sequence of
tuples (pj, 45,75, Y5, 25, z;-, n;) such that the sequence (p;, g;,7;) is an infinite
path with infinitely many !-edges through Grec(R, A) starting from (p, g, q).
The other auxiliary components keep track of the current location y; on /3,
the location z; that was the current location the last time an !-edge was
used, the location zé that was the current location the last time a /-edge
or !-edge was used, and the current position n; on m. For this inductive
definition we need some notation.

For = € 3 let stable(x) denote the minimal position on 7 such that x is
stable on 7[stable(x), 00). There are two possibilities for the last substitution
before the position stable(z). Either a subtree rooted at a proper prefix of
x was rewritten, or the subtree at x was rewritten itself. For those locations
where the latter holds we know that (m(stable(z)))!* € T/ for some [ €
{1,...,m}. Hence, we can fix a partial run p/, of A] on 7(stable(x)) with
pi(x) € F/. We will need these runs to update the first component of our
tuples, which are states from B’. If € is stable on 7, then p. is not defined.
So, for the first updates to be correct we let p. be an accepting run of A} (p)
on 7(0), independent of whether or not ¢ is stable on .

The initial tuple is (po, qo, 70, Yo, 20, 26,M0) = (P, ¢,¢,,€,€,0). For all
J € N we define p; = p’, (y;) and g; = ps(y;). Note that this is compatible
with the definition for jJ: 0. Below we will show that the right-hand side in
the definition of p; is always defined (property (F)). Now, assume that for
J € N the tuple (pj,qj,75,vj, 2j, 2, n;) is already defined. By Lemma 9(ii)
we can choose a minimal [; > n; such that 7(l,) is accepted by A(g) with
a run p; that agrees with pg on B1suees(#) | Note that l; and p; depend on
n; and z; only. To define the next tuple we have to distinguish three cases
(corresponding to the three types (1),(2),(3) of edges in Grec(R,.A)).

(a) If y; is stable on m[n;, c0), then
Yirr = suceg(y), zje1 = 25 Zjp1 = 25 My =0 Tipn = 05(Y541)-
If y; is not stable on m[n;, 00), then we distinguish two subcases.

(b) If I; > stable(y;), then

!/
Yitl = Yj> Zit1 = Zjs Zjp1 = Y5, N1 = stable(y;), ripa = ;.
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(c) If I; < stable(y;), then
Yit1 = Yj> Zj+1 = Yj» 2501 =Yg, Nj1 = stable(y;), 741 = g5
The following properties can be shown by induction on j.

(A) yj, 25,25 € Band z; C z; C ;.
This is obvious from the definitions of y;, z;, and 2}.

(B) yj € Dr(n))-
For j = 0 this is obvious. In case (a) y; is stable on 7[n;,c0) and
therefore, since ( is an infinite branch in lim(7), succg(y;) € Drn; i)
because n;11 = n;. Note that for the same reasons succs(y;) € Dr(,)
and hence 741 is well defined. In cases (b) and (c) this is obvious since
nj1 = stable(y;) and yj1 = yj.

(C) If u C y;, then u is stable on 7[n;, 00).
In cases (b) and (c) n;41 = stable(y;) and y;4+1 = y;. Thus, even y;44
is stable on m[n;41,00) and therefore all of its prefixes are. In case (a)
y; is stable on 7[n;, c0) and hence all its prefixes are. The claim follows
from the definition of y;41 and n;44.

(D) nj = stable(z}) for j > 1 and if ¢ is stable on , then also for j = 0.
Induction base. If € is stable on m, then the claim obviously holds for
j = 0. In the other case, i.e., if € is not stable on 7, we have to start
for j = 1. But if £ is not stable on 7, then (b) or (c) is used in the
definition for j = 1. Hence, n; = stable(e) and 2] = yp = €.
Induction step. The claim directly follows from the inductive hypothesis
and the definitions of n;,; and 2/ ,.

(E) p'z; is defined.
Induction step. In case (a) 27, ; = zj and hence p;§+1 = p’Z} is defined
by induction. In cases (b) and (c) 2j,; = y; and y; is not stable on
m[n;,00). From (C) we know that all proper prefixes of y; are stable on
m[n;,00) and thus the last substitution before y; becomes stable must
rewrite the subtree at ;.

(F) p’Z; (y;) is defined.
From (A) we know that 2 is a prefix of y;. To prove the claim it
remains to show that y; is in the domain of 7 (stable(2?)). For j = 0
this is obvious and for j > 1 we have stable(z;) = n; by (D) and
Yj € Dr(n;) by (B).

(G) 5 = pi(y;)-
For j = 0 this is immediate from the fact that pg is an accepting run
of A(g) and hence ro = ¢ = po(e) = po(yo)-
In cases (a) and (b) this directly follows from the fact that {11 = ;
and hence pj+1 = p;. In case (¢) zj4+1 = Yj+1, SO p;j4+1 agrees with pg
on glsucestvir). Hence, pjr1(yj41) = pp(yjr1) = g1 = ¢ = Tjs1-
The equality q; = gj+1 follows from y; = yj41.

The sequence we have defined corresponds to an infinite path through
GRrec(R, A) in the following sense. If tuple j + 1 was defined from tuple
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j using case (a), (b), or (c), then there is an edge in Grec(R,.A) between
(pj,q5,75) and (pj+1,qj+1,7j+1) of type (1), (2), or (3), respectively.

If (a) is used, then let ¢ be such that y;4+1 = succg(y;) = y,i. We show
that the conditions for an i-edge of type (1) are satisfied. Let a € A; be the
symbol (of rank ) at location y; in the tree 7(n;). Note that y; is stable on
m[n;,00) and hence location y; is labeled by a on all trees m(n) for n > n;.
By definition of p; and by (D), p/, is a partial run of B’ on m(n;) with

z
p'Z;_ (vj) = p;. Let (py,--.,pj_1,a,p;) be the transition of B’ used in p;;. at
y;- Since 2} | =z} and y;41 = y;4, we get p; = pji1.

By (G) we know that p;(y;) = r;. Let (r),...,7]_1,a,7;) be the transi-
tion used in p; at y;. Since 741 = p;(y;+1), we get that r} = r;4q.

Furthermore, by Lemma 9(ii), there exists n > [; such that w(n) is
accepted by A(g) with a run that agrees with ps on Bsuccs(Wi+1) et
(90, ---,9]_1,a,q;) be the transition that is used in such a run at location
y;. In particular, this means that in this run the state at y;;1 must equal
¢j+1, 1€, ¢ = gj+1. For h € {0,...,1 — 1} we denote the subtrees at y;h
in w(n;), 7(l;), and m(n) by tp, t},, and ¢}, respectively. The situation looks
as follows, where not the whole trees but only the subtrees of m(n;), 7(l;),
and 7(n) at y; are shown in the picture.

Y. Py LY. i .4y
mn . ™ . m™n) .
(n5) yj’ ) yﬁ (n) y]’
—>* —>*
Since y] is stable on m[n;,c0), we can conclude from Lemma 3(ii) that
t, —x t, —%k ty for each h € {0,...,1 — 1}. Hence, the transitions

(PO -+ P11, a7pj), (rg,- .. 1]_1,a,7;), and (qq,...,q]_1,a,q;) satisfy the
conditions from (1) and there is an i-edge from (p;, g;,7;) to (Pj+1, @j+1,7j+1)
in GRec (R, .A)

If (b) is used, then 27, = y; = y;+1 and n;41 = stable(y;). Hence
p’zj,v+1 is a partial run of A; on m(n,i1) with p’zé_ﬂ(z;H) € F] for some
i € {1,...,m}. By the definition of p;, this implies that p;41 € F}. Fur-
thermore, we have m(n;j41 — 1)!% € T; because the rewriting rule T; < T}
is applied to this subtree at this position on 7. By (D), p’, is a partial run

J
on 7(n;) and p; = p’, (y;). Since, by (C), all proper prefixes of y; are stable
J
on m[ng, 00), we get m(n;)Wi =5 w(nger —1)H from 7w(ng) —% m(nge1)
and Lemma 3(ii), and hence T'(B'(p;)) —% T;. Therefore, the conditions
of (2) for a /-edge between (p;, q;,7;) and (pj+1,¢j+1,7j+1) it Grec(R,A)
are satisfied. Similarly, the conditions for an !-edge between (p;, g;,7;) and

(Pj+1,¢j+1,7j4+1) are satisfied if (c) is used because the tree w(l;) is lying
between 7(n;) and 7(n;41), and 7(l;)" € T(A(r;)) by (G).
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It remains to show that (c) is used infinitely often to obtain a path
with infinitely many l-edges. As long as (c) is not used, (b) must be used
eventually because only finitely many locations from 3 can be stable on a
fixed suffix of 7. If (a) or (b) is used, then /;11 = [;. But every time (b) is
used the n; value increases. By definition of I; we have [; > n;. Therefore,
rule (c) has to be applied eventually. O

Having shown the “completeness” of Grec(R,.A) we now come to the cor-
rectness as stated in the following lemma. One should note that we can only
conclude 7] —% T(.A(g)) from the existence of a path through Ggrec(R,.A)
as required in the lemma. It is not possible to conclude T} —% T(A(q))
without loop since the required path through Gre.(R,.A) only witnesses
some 7w : T} —% T(A(q)) that does not contain a loop. For T} —% T(A(q))

without loop to hold every 7 : T] —% T(A(g)) needs to be without loop.

Lemma 11 Leti € {1,...,m} and q € Q. If there is an infinite path con-
taining infinitely many -edges through Grec(R, A) starting from (p,q,q),
for some p € F], then T] —% T(A(q)).

Proof We cut the infinite path through Ggrec(R,.A) into segments ending
with an !-edge and show what kind of R-path we can construct from such
a finite path segment in Grec(R,.A). The desired result is then obtained by
concatenating these segments, as we will see later.

So let p,p’ € P, q,r,q' € @, and vy, ...,v, be vertices of Grec(R,.A)
such that

A1 A2 A3 An ! ;o
(pa(LT) — VU1 — U2 — _—an—)(p7Q7q)
in Gree(R,A) with Ay,..., A\, € {0,...,k—1,/}. Let & be the location that
is obtained from the sequence Ap --- A, by omitting all /.
We prove the following claim by induction on n.

Claim: There is t € T'(B'(p)) such that for all ¢’ € T(B'(p’)) there is t” € Ty
with

t =% T(A(r)) —% t" with (¢")}* = ¢ and t"[z/q'] =% q. (%)

If n = 0, then (p,q,7) 4 (p',q',q') with ¢ = q and = = ¢. By definition
of the l-edges there are i € {1,...,m} and t € T(B'(p)) such that p’ € F/
and t =% T(A(r)) =% T;. Let ' € T(B'(p’)) and set t” =¢'. Then t" € T}
because t”” =t € T(B'(p’)) and p’ € F!. By definition of ¢ and because z =
e and ¢’ = ¢ we obviously have (¢”)1* = ¢’ and t"[z/q'] —% g¢. Furthermore,
t —% T(A(r)) =% T; = t” because t” € T}.
If n > 1, then
(pvqar) )\_1> (ﬁqu7f) /\_2) V2 ﬁ’ e /\_n’ Un ; (p/,qlvq/)'

Let Z be the location obtained from Ay - - - A,, by omitting /. By the induction
hypothesis there is ¢ € T(B'(p)) such that for all t' € T(B'(p’)) there is a ¢
such that () is valid for ¢, &, q,#, ¢/, and .
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If \y =/, then x = &, ¢ = §, r = 7. Furthermore, thereis i € {1,...,m}
such that p € F and there is t € T'(B'(p)) with ¢ —% T;. But p € F} 1mpl1es
t € T! and hence t —% T, — t. Since () holds for t it also holds for ¢
becausez—z q =4, andr—r

Now consider the case \y =i € {0,...,k —1}. Let l € {i +1,...,k},
a € Ay, and pp,qp,ry for h € {0,...,1 — 1} be as required in item (1)
from the definition of Grec(R,.A). Then there are t, € T(B'(py)) for h €
{0,...,1 =1} \ {i} such that t;, =% T(A(rn)) =% T(A(qn)). Furthermore,
let t; = . If we define t = a(ty,...,t;), then t € T(B'(p)). Let t' € T(B'(p')).
The part t —% T(A(r)) —% s of the claim follows as indicated in the
picture below. In this picture sets of trees as, e.g., T(A(rp)) mean that
there is a tree from that set that can be substituted at this position. The
rightmost tree in the picture is defined to be s”.

/\\ ~k /\\ o N

ti ti-a T(A(ro)) T(A(#) T(A(ri-1)) T(A(g0)) ¢ T(A(qi-1))

a

Note that the tree in the middle is in T'(A(r)) because 7 = r; and the
transition (ro,...,r—1,a,r) is in A.

By induction, we know that t"[Z/¢'] —% ¢. From ¢ = ¢; and = = i
follows s”[x/q'] —% ¢ because the transition (qo,...,q-1,a,q) is in A.
Furthermore, we have (s")!* = (#)!* = ¢. This ends the proof of the
claim. Now we show how to iterate this result.

On a path with infinitely many !-edges starting in (p1, g1, 1) with p; €
F! let (p2,q2,q2), (P3,93,93), ... be the vertices reached after the !-edges.
For all j > 1 there is t; € T(B'(p;)) such that (x) holds for location z; (so
x; is obtained from the edge labels of the corresponding path segment by
omitting /) and for all ' € T'(B'(pj+1)). In particular, we can use ¢;+1 in
place of ¢'. So, for each j, let t7/ be a tree with

tj =% T(A(gj)) =% t] with ()% =t and t][x;/q;11] =% ¢j-
From the condition (t])!*7 = t;,, we get an infinite path of the form
th =R U =R 1 /t5] =R w1/ ty[w2/t5]] —

and with the condition t7[x;/q;41] —% ¢; we can conclude that there are
infinitely many trees from T'(A(q1)) on this path. Furthermore, ¢; is in 77
because p; € F}. Thus, T] =% T(A(q1)). O

Since we want to use Grec(R,A) in a decision procedure we need the fol-
lowing lemma.

Lemma 12 The graph Grec(R,A) can be constructed effectively in time
O(IRI* - |A[").
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Algorithm RECUR

INPUT: RGTRS R = (A, X, R, tin) with R = {Ty & T}, ..., T <5 T},
NTAs A; = (C)hA7 AZ,FZ) with T(Al) =T, fori= 1,...,m
NTAs A; with T(A}) =T/ fori=1,...,m
NTA A= (Q,A,AF)

1. Construct Grec(R,.A) (Definition 1).

2. Mark each pair (i,q) with T; —% T(A(q)) =% Ti.

3. Mark each pair (i,q) with g € Q, i € {1,...,m} such that there is p € F; and

an infinite path with infinitely many !-edges through Grec(R,.A) starting in

(r, 4, 9)-
4. Let B' = AU, A; with F as set of final states.

5. Add e-transitions (p,q) to B’ if p € F; and (7,q) is marked. Obtain the au-
tomaton B.
6. Let A, = (B]E)pm%.

OUTPUT: e-NTA Ar,.o

Fig. 3 Algorithm to solve the recurrence problem

Proof To construct Gree(R,.A) we have to check the conditions for the
edges in (1), (2), and (3) of Definition 1. These are mainly instances of the
reachability problem. It is clear that instances of the reachability problem
with three sets involved are more difficult than the ones with only two sets
involved. So we have to estimate the complexity of

(i) T(B'(p)) =% T(A(r)) =% T(A(g)) in (1) and

(ii) T(B'(p)) =% T(A(r)) =% T; in (3).
According to Lemma 2 the set of all (p, g, r) with property (i) can be com-
puted in time O(|R|? - |A| - (JA| +|R|)) because |B’| < |R| by definition of

For (ii) let B denote the automaton |J", A;. We can compute the set
of all tuples (q1,¢2,q3) of states from B’, A, and B with T(B'(¢1)) —%
T(A(q2)) —% T(B(gs)) in time O(|R|* - |A]), again by Lemma 2. For g3
belonging to one of the sets F; we obtain the desired result.

The time needed to compute all instances (p, i, j) satisfying T(B'(p)) —%
T; can be bounded as for (ii) because these are special instances of the
problems from (ii).

Then we can check for each pair (p, ¢, 7), (D, g, 7) of vertices of Grec(R, A)
whether the conditions of (1), (2), or (3) are satisfied. After the previous
computations these tests can be made in constant time and have to be car-
ried out for O(|R|? - | A|*) pairs. Therefore, the overall time complexity can
clearly be bounded by O(|R|* - |A]*). O

Now we are ready to summarize the results in an algorithm to solve the
recurrence problem. The algorithm is shown in Figure 3.

Theorem 4 The algorithm RECUR(R,A) from Figure 8 computes in time
O(IR|* - |A*) an e-NTA Ag, of size O(|R|? - |A]) with T(Ar) = {t €
Ty ‘ t—% T(.A)}
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Proof For the time complexity the operations on Grec(R,.A) are the dom-
inating factor because (Bic)prez, can be constructed in time O(|R|* - (|1B| +
|R|)) according to Proposition 3 and Theorem 3. By Lemma 12, Grec(R,.A)
itself can be constructed in time O(|R|* - |.A|*) and the set of all (p,q,q)
such that there is an infinite path with infinitely many !-edges starting in
(p,q,q) can be determined by an algorithm computing the strongly con-
nected components of Grec(R,.A). This can be done in linear time in the
size of GRrec(R, A), which can clearly be bounded by O(|R|* - |A[%).

The automaton B is of size |R| - |A| and hence, by Proposition 3, the
size of B, is of the same order. Therefore, by Theorem 2, A, is of size
O(IR|- (IR| - [A] +|R])) = O(IR|? - | A]).

For the correctness we have to show by Lemma 5 that Ag ., recognizes
the set prey (Reci(R,A) UReca(R,A)). Since Ar o = (Bic)pres, it is suffi-
cient to show that

Rec1 (R, A) UReca(R, A) C T(B.) C preg (Reci (R, A) UReca (R, A)).

If t € T(Bi), then there are states p,q of B and € D, such that ¢t —}%
tlz/p] —5 tlx/q] —% F, according to Proposition 3. This implies that
there is ¢ € {1,...,m} such that p € F; and (7,q) is marked (line 5 of the
algorithm). Since B’ is a disjoint union of A and Ay, ..., A, we can conclude
tl® € T; from t —3, t[z/p] and p € F;. The pair (i,q) is marked and thus ¢
is a state of A. Hence we can deduce from t[z/q] —% F that t[z/q] —% F.
Now it is easy to see that ¢ is in Rec;(R,.A) if (4,¢q) was marked in line 2
of the algorithm. If (7,¢) was marked in line 3, then 7/ —% T(A(q)) by
Lemma 11. If T] —% T(A(g)) without loop, then ¢ is in Reca(R,.A). If
T! —% T(A(g)) with loop, we can conclude that ¢ —% T(A) with loop
and hence ¢ € prek (Reci(R,A)) by Lemma 4. This proves the inclusion
T(Bi.) C pref (Reci (R, A) UReca (R, A)).

If t € Rec1(R, A) URecz(R,.A) one can easily show that ¢ is accepted
by B using an e-transition (p,q) for a pair (¢,q) marked in line 2 if ¢ €
Recy1 (R, A). For t € Reca(R,.A), using Lemma 10, one obtains that ¢ is
accepted by Bi. using an e-transition (p,q) for a pair (i,¢) marked in line
3. 0O

5 Undecidable Properties

In this section we prove that model-checking for GTR graphs with the
temporal operators AF, EU, and AGF is undecidable (see Table 1). All the
proofs use reductions from undecidable properties of deterministic Turing
machines. We construct, given a Turing machine M, a GTRS R(M) that
can simulate computations of M. Of course, since reachability is decidable
for GTR graphs, it is not possible to exactly simulate a Turing machine
with a GTRS. Therefore, in Gr(ar) there will be paths that correspond to
correct computations of M and there will also be paths that correspond
to computations of M with some errors. But the way R(M) is constructed
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allows to detect these errors. Every time an error occurs in the computation,
the path in Gg(ar) contains a tree from a regular set TAL. If TS%p contains
all trees coding a halting configuration of M, then Gz () is a model of the
formula AF(TM v TAL) iff every path in Gr(ay) that starts in the initial
tree eventually reaches a tree modeling an error or a halting configuration.
If the initial tree codes the initial configuration of M on the empty tape,
then this means that M stops on the empty tape and therefore we have
encoded the halting problem.

The construction of R(M) is given in the next subsection and in the
following subsections it is shown how to use the idea sketched above to
show the undecidability results.

The general idea underlying the simulation of Turing machines is similar
to the idea used in [13]. In [13] it is shown via a reduction from the halting
problem for counter machines that the problem of universal reachability for

basic parallel processes is undecidable.

5.1 Simulation of Turing Machines

We only give a brief description of the Turing machine model we use. For
an introduction to Turing machines see e.g. [15]. A deterministic Turing
machine (DTM) is a tuple M = (Q, I', B, gin, gs, 0), where @ is a finite set
of states, I' is the tape alphabet (disjoint from @), B C I is the input
alphabet, ¢, is the initial state, g5 is the halting state, and ¢ : (Q \ {gs}) X
I' - Q x I' x {L, R} is the transition function. The transition function
is completely specified and ¢, is the unique halting state. Furthermore,
we assume that the tape is infinite to the left and to the right. The tape
alphabet I' contains a blank symbol LI that is not an element of the input
alphabet.

A configuration k of M is a word kK = ay---aggb;---by with ¢ € Q,
k,1 >0, and a;,b; € I' for all i € {1,...,k}, j € {1,...,1}. We define the
successor configuration of x as follows, where we assume a9 = by = Ll to
also cover the cases for [ =0 or k = 0:

— ai-- ~ak_1pakcbz_1 e ’bl if 6(‘]3 bl) = (p7 ¢, L)’ and
— ay---apepb_q - by if 5(Q7bl) = (pv ¢, R)

If &’ is the successor configuration of k, then this is denoted by & ,, /. As
usual 3}, denotes the transitive and reflexive closure of I-,,.

To simulate Turing machines by ground rewriting we define for each
configuration x a corresponding tree t(k) coding this configuration. For
K =aj---agqb;--- by let t(k) be the tree depicted in Figure 4.

With this coding of configurations it is not possible to exactly simulate
the transitions of M by a GTRS because in a transition a symbol from I" has
to be moved either from the left branch to the right branch of the tree or the
other way round. To realize this with ground tree rewriting the whole tree
has to be rewritten. Since the length of Turing machine configurations is
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VRN
X X
| |
ai b1
| |
| i
ag b
q

Fig. 4 Coding of a configuration ai - - - axqb; - - - b1 by a tree

not bounded this would require an infinite set of rewriting rules. Therefore,
the symbol that has to be moved from one branch to the other has to be
guessed. To be able to detect wrong guesses, a protocol for the simulation
of Turing machine transitions is introduced.

The upper part of Figure 5 shows the correct simulation of the transition
d(q,a) = (p,b, L) when M is in the configuration cqa. The initial tree (on
the left-hand side of the figure) codes the configuration cga and the final
tree (on the right-hand side of the figure) codes the configuration pcb.

The single steps in the simulation are the following. The symbols a and
q are replaced by b and p. Since M moves the head to the left, the symbol
¢, which is at the end of the left branch, has to be guessed. The symbol
ad; indicates that ¢, the symbol directly above ad;, was added to the right
branch of the tree. Now, the left branch has to confirm with re;, where re
stands for “remove” because the ¢ has to be removed from the left branch.
Then the two branches alternately increase their ad; and re; symbols until
they reach ads and res. Finally, the ¢ can be removed from the left branch
and then it is inserted at the appropriate place in the right branch.

The idea behind this is the following: If the guess is wrong, e.g., if d was
guessed instead of ¢, then after the second step a tree containing the subtrees
¢(rep) and d(ad;y) with ¢ # d is reached. This enables us to detect on a path
through the graph generated by the rewriting system if an error occurred
in the simulation of M. The process of going through all the symbols ads,
reg, and ads has technical reasons. It ensures that other errors apart from
the wrong guessing, e.g., repeated deletion of symbols without simulation
of a transition, can be detected.

Formally, we define the GTRS R(M) = (AM, X, RM M) for a given
DTM M = (Q, B, I, qin, gs, 9) as follows:

— AM = AM U AM U AY with AY = {e}, AM = QuU ' U{X]}, and
AM = AM U Aux, where Aux = {ady, ads, ads, ey, res, err}. The use of
err will be clarified in the proof of Lemma 13.

— As we do not need the transition labels X, we let X = {o} and omit all
transition labels in the following.
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Fig. 5 Example for the simulation of TM-transitions by a GTRS
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t(qin) =

M __
in

— The initial tree is t;

qin

— The set RM contains the following rewriting rules.

(1) For §(¢q,a) = (p,b,L),ce I

~
— —_— 0 —3
= S}

X

and if ¢ = LU, then also | —
q

—
o —a—0—T
S}

—

g—

(p, b, R):

(2) For 8(q, a)

1
b
\
e

and if @ = U, then also | —

—

S—

1

T

(3) Foralae 'U{X},be Tl a—

(4) ady — ada, ads — ads, req — res.

S —

(5) Forallae T'U{X},bel,q€Q:
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a q
| |
(6) Forallae T'U{X},bel,qe€Q: lln — a, zf;)q_
es reg
a
P \ q
(7) Forallae I',p,g € Q:q— | ,q— I‘J,and | —q.
err err

The rules from (7) are used to ensure the property from Lemma 13(i),
which is needed in Subsection 5.4.

T

The goal was to construct R(M) in such a way that we can identify all
the paths in Gr(ar) that do not correspond to a correct computation of M
by a regular set TM. This set is defined as follows. A tree ¢ is in TM iff

err* err

1. t contains the err symbol,

t contains more than one ad; or more than one re; symbol,
t contains a re; symbol and no ad; or ad;y; symbol,

t contains an ads symbol and no re; symbol, or

Al

a b
t contains subtrees of the form | and (\1 with a # b.

re; aa;
This definition only asks for the presence or absence of certain combina-
tions of symbols. These properties can be tested by a tree automaton and
therefore TM is regular.
The following lemma gives a precise statement in what sense the DTM

M can be simulated by R(M).

Lemma 13 (i) For each configuration x of M: tM =R tHE).
(i) Let k and k' be configurations of M.
(a) If K B35, K, then there is a path from t(k) to t(k') in Gr(a) not
visiting TM.
(b) If there is a path from t(k) to t(x') in Gr(ar) not visiting TXL, then
Ky R
(iii) There is exactly one mazximal path in Ggnpy that starts in tM and does
not wvisit TM

err”

Proof (i): Let k = ay - - - aggb; - - - by be a configuration of M. The left branch
of t(k) can be generated by using rewriting rules from (3), (4), and (5):
a‘i ali a;
| a;
a; =R Gitl —p Gitl —p Gitl —p |

\ | | ait1
ad1 adQ adg

The right branch can be generated by the rewriting rules from (7).

(ii)(a): If k k3, &/, then the computation steps of M leading from & to
k' can be simulated by R(M) as sketched in Figure 5, resulting in the tree
t(k).

(ii)(b): Let &, &’ be configurations of M and let 7 be a path from t(k) to
t(k') that does not visit T21. We prove the claim by induction on the length

of w. Obviously, if m has length 0, then x = £’ and therefore x }, «'.
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So assume that 7 has length greater than 0 and let Kk = a1 -+ - argb; - - - by.
We analyze the sequence of rewriting rules that are used on 7 and show that
this sequence has to follow the scheme from Figure 5. Since the definition
of R(M) depends on M we have to analyze two cases. If 6(q,b;) = (p,b, L),
then R(M) contains a rule of type (1) that can be applied to the right branch
of t(k). We consider this case in more detail below. If §(q,b;) = (p,b, R),
then R(M) contains a rule of type (2) that can be applied to the right
branch and one can proceed analogously.

The first rewriting on 7 has to insert an ad; symbol into the tree. If a
rey or err symbol would be inserted, then the resulting tree would be in
TM. Assume that the ad; symbol is appended to the left branch (using rule
(3)). In the next step this ady could be changed into an ads leading to a tree
containing an ady symbol and no re symbol, or a rule of type (1) could be
applied to the right branch leading to a tree containing two ad; symbols. In
both cases the resulting tree would be in T2, Therefore, in the first step a
rewriting rule of type (1) must be used. The only possibility for the second
rewriting on 7 is to add a re; symbol to the left branch, using rule (3). If
the ¢ that was added to the right branch in the first step does not equal ag,

a C
then the tree after the second step contains the subtrees \k and C\l with
rey adq

ar # c and therefore would be in 7M. We have shown that the first two

err’

steps on m must be of the following form:

° — [ ] — [ ]
SN BTN RN
| | | 1 | |
ak by aj b ay b
] | | 1
q p rel p
| |
ag ag
| I
ad; ady

Now it is not difficult to see that the next steps on m must lead to t(x"),
where k" is the successor configuration of k. By the induction hypothesis
we get K 4, &' and therefore x %, &'

Note that this also proves (iii) because the sequence of rewriting rules
described above is the only possibility to avoid 7. Hence, starting in tf‘f ,

there is only one maximal path avoiding T2. O

After these technical preparations we discuss the remaining reachability
problems. All the undecidability proofs use the construction of R(M) and
the set 7M. Another set of trees used besides TM in the following subsec-

tions is the set of trees encoding halting configurations of M:
ijop = {t(k) | k is a halting configuration of M}.

Since we assumed that the transition function of M is completely specified,
a tree codes a halting configuration iff it contains the unique halting state

qs- Therefore, TS]{/{)p is regular.
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5.2 Universal Reachability

The problem of universal reachability for GTR graphs is the following.

Given: A GTRS R = (A, X, R, tin) and a regular set of trees T' C T'a.
Question: Does every maximal path in G starting in ¢;, visit T'?

Theorem 5 The problem of universal reachability for GTR graphs is unde-
cidable.

Proof Let M be a DTM. Assume that M eventually reaches a halting con-
figuration x when started on the empty tape, i.e., in the configuration gjy,.
Let 7 be the unique maximal path starting in t that does not visit T,
according to Lemma 13(iii). By Lemma 13(ii)(a) there is a path 7’ not vis-
iting TM from ¢ to t(k). By the choice of 7, 7/ must be a prefix of 7 and
thus 7 contains a tree from TSJK)W namely ¢(k). Hence, all paths through
Gr(wm) starting in tM eventually reach T U Tsjg,p.

Now assume that M never reaches a halting configuration when started
on the empty tape. By Lemma 13(iii) there is a maximal path 7 through
Gr(m) starting in ) that never reaches TAL. If this path contains a tree

from T}}Y ), then by Lemma 13(ii)(b) the corresponding halting configuration
of M is reachable from the initial configuration, contradicting the assump-
tion that M does not stop. Thus, not all paths through Gr(as) starting in
tM eventually reach T2 U Tsjtvép.

Therefore, we can conclude that M stops on the empty tape iff every path
through G starting in ¢} eventually reaches the regular set TALUT.Y .
Since the halting problem for deterministic Turing machines is undecidable,

the theorem is proven. 0O

5.8 Constrained Reachability

The problem of constrained reachability for GTR graphs is the following.

Given: A GTRS R = (A, X R, tin) and regular sets T1, Ty C T4.
Question: Does there exist a path 7 in G starting in #;;, such that there
exists ¢ € N with n(i) € Ty and 7(j) € T for all j <7

This problem is called constrained reachability because we ask if T can be
reached under the constraint that the path remains in 7T} until it reaches
T5. The simple reachability question is the special case with T = T'4.

Theorem 6 The problem of constrained reachability for GTR graphs is un-
decidable.

Proof Let M be a DTM. Assume that M eventually reaches a halting con-
figuration when started on the empty tape. By Lemma 13(ii)(a) this means
that there is path through Gz (np) starting in tM that reaches T = while

in stop
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staying in the complement of T2 which is regular because TM is regular
(Proposition 2).

If M does not reach a halting configuration when started on the empty
tape, then every path through Gy starting in tM must visit T before
it can reach T}Y ), by Lemma 13(ii)(b).

Thus, M stops on the empty tape iff R(M) satisfies the constrained
reachability problem for Tqm \ TM and T O

err stop*

5.4 Universal Recurrence

The problem of universal recurrence for GTR graphs is the following.

Given: A GTRS R = (A4, X, R, t;n) and a regular set T C Ty.
Question: Does every infinite path through Gy that starts in ¢, in-
finitely often visit 17

To show the undecidability of universal and constrained reachability we used
reductions from the halting problem for deterministic Turing machines since
these two problems allowed us to exactly specify the path that simulates
the correct behavior of the Turing machine.

The problem of universal recurrence does not allow this exact specifi-
cation because we are interested in paths that only finitely often visit a
certain regular set. If we take this set to be the set T2 then a finite num-
ber of errors in the simulation of the DTM are allowed. This finite number
of errors can be used to generate an arbitrary configuration of the DTM
before starting the correct simulation. Therefore, we use a reduction from
the following problem, which we call diverging configuration.

Given: A Turing machine M.
Question: Does there exist a configuration x of M such that M does not
stop when started in 7

Note that in the above problem there is no restriction to reachable config-
urations of M.

Lemma 14 The problem “diverging configuration” for deterministic Turing
machines is undecidable.

Proof (Sketch) The proof uses a reduction from the halting problem of de-
terministic Turing machines. Given a DTM M one constructs a DTM M’
such that M’ eventually stops on every configuration if M eventually stops
when started on the empty tape. For this purpose M’ simulates an increas-
ing number of steps of M, i.e., M’ starts simulating one step of M, resets
its simulation of M, simulates two steps of M, resets its simulation, and so
on. For this purpose M’ maintains one counter for the number of steps that
have to be simulated after the next reset and a second counter that keeps
track of the number of steps that still have to be carried out until the next
reset. If the second counter reaches zero, then the simulation is reset and
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the second counter is reinitialized with the value of the first counter, which
itself is increased by one.

Additionally, after each simulation step, M’ checks whether its own con-
figuration is well-formed, i.e., if it contains the two counters and the area
for simulating M. If the configuration is malformed, then M’ stops.

In this way M’ will either stop because of a malformed configuration
or, after the next reset of the simulation, start to faithfully simulate the
behavior of M on the empty tape. Hence, M’ has a diverging configuration
if and only if M does not stop on the empty tape.

The details of the sketched construction can be found in [18]. O

Theorem 7 The problem of universal recurrence for GTR graphs is unde-
cidable.

Proof Let M be a DTM. If there is a path 7 in Gy that only finitely
often visits TM U Ts%p, then, as can easily be seen from R(M), there is an
i € N such that (i) = ¢(x) for some configuration « of M and 7[i, ) is an
infinite path that does not visit AL U T7, at all. With Lemma 13(ii)(b)
we can conclude that M does not stop when started in configuration .

If there exists a configuration k of M such that M does not stop when
started in s, then, by Lemma 13(ii)(a), there is an infinite path through
Gr(m) starting in ¢(x) that does not visit 751 U T . By Lemma 13(i)
we know that there is a path from ¢, to ¢(k). The concatenation of these
two paths yields an infinite path through Gy starting in ¢y, that visits
My TS%p only finitely often.

Therefore, M has no diverging configuration iff R(M) satisfies the prob-

lem of universal recurrence with TAL U T . O

6 A Temporal Logic for Model-Checking

We have considered all the reachability problems from Section 3 indepen-
dently, except for universal one step reachability, which is covered by one
step reachability, and universal constrained reachability, which contains uni-
versal reachability as a special case. The goal of this section is to build up a
logic with operators for the decidable reachability problems. For our logic we
use CTL-like syntax. The operators for one step reachability, reachability,
and recurrence are denoted by FX, EF, and EGF. The E in these opera-
tors stands for “there is a path” such that a certain property on this path
holds. Sometimes it is reasonable to restrict to paths built up from edges
labeled from a proper subset of X'. Thus, we allow to parametrize this exis-
tential quantifier E' with a set A C X'. For this purpose we define, given an
RGTRS R = (A, X, R, tin) and A C X, the RGTRS R|1 = (A, X, R|a, tin),
where R| 4 is obtained from R by removing all rules T <> T” with o € £\ A.

For a fixed ranked alphabet A and an alphabet X for edge labels the
formulas of our logic are defined by the following grammar (in CTL-like
syntax).

¢:u=T(A) [ =¢| oV | EaX¢ | EaF¢ | EsGF
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for e-NTA A and A C X.

The semantics ||¢||r of such a formula ¢ with respect to an RGTRS
R = (A, X, R, l;,) is the set of all trees where ¢ is satisfied with respect to
the relation — .

IT(A)llr = T(A)

= [1=¢llr = Ta\ [I¢llr

l¢1V ¢2llr = [|o1llr U ll¢2ll=

|EaXdllr ={t € Ta |t =g, [I6]lr} [= preg,, ([¢]l=)]
|EaFdllr ={t € Ta [t =%, lI¢llr} [= prex,, (1¢]l=)]
— |I[EAGF9l|r = {t € Ta | t =%, ll¢llr}

For an RGTRS R = (A4, X, R, tin), t € Ta, and a formula ¢ from the above
logic we define

R, tE=o¢iff t € ||¢||r and R |= ¢ iff tiy, € ||¢]|%-

A consequence of the decidability results is the following theorem.

Theorem 8 For an RGTRS R and a formula ¢ from the above logic the
set ||@||r is a reqular set of trees and an automaton Ay accepting ||¢||r can
be constructed effectively. In particular it is decidable whether R = ¢.

Proof For the atomic formulas of the form ¢ = T'(A) the set ||@||r is regular
by definition. For the Boolean operators we use Propositions 1 and 2. So
we get Ay v, = Ag, UAg, and A-, = Ag. For the temporal operators
we can define the automata as Ag, x4 = (.A¢)preR‘A, Ap,re = (-Aaﬁ)pre;‘zm’
Ap,cr¢ = (Ap)r|,w- For the construction of (Ag)g|, .. we first have to
eliminate the e-transitions from A, because the algorithm RECUR needs
an NTA without e-transitions as input.

Once we obtained the automaton A4 we can check if ¢;, is in the language
T(Ap) to decide whether R |=¢. O

Although the blow up in the size of the input automaton is polynomial
in the constructions for the temporal operators, the iterated application of
these constructions results in a blow up that is exponential in the number of
nested temporal operators. The construction for the complement automaton
is even worse with an exponential blow up, resulting in an automaton with
size non-elementary in the number of nested negations. So we have the
following complexity.

Theorem 9 The size of the automaton Ay from Theorem 8 is non-elementary
in the number of nested negations and exponential in the number of nested
temporal operators.
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7 Conclusion

We have analyzed the algorithmic properties of regular ground term rewrit-
ing graphs under the aspect of reachability problems. Our results show that
it is still possible to define a logic with a decidable model-checking problem
for RGTR graphs that can express nested reachability and fairness (recur-
rence) properties. On the other hand, several problems that can be solved
on the more restricted class of pushdown graphs become undecidable.

Although the undecidability results suggest that the presented fragment
of temporal logic is a maximal fragment with a decidable model-checking
problem for RGTR graphs, the picture is not yet complete. It is open
what kinds of nested temporal formulas can be used under path quanti-
fiers. Examples for such formulas are ¢1 = FE(GF(T(A1)) A GF(T(Az)))
or ¢po = EGF(T(A1) A X(T(Az))). The presented method for solving the
recurrence problem cannot be adapted directly to handle conjunctions as
in ¢1 because for properties of this kind it is necessary to simulate two
infinite branches of lim(7) rather than one. Perhaps the use of Biichi tree
automata for a simulation of substitutions in several directions in the limit
tree of infinite paths through the graph provides a possibility to overcome
this difficulty.

Acknowledgements 1 thank the editor Joost Engelfriet for his long list of valuable
comments, the referees for their suggestions and comments, and Jacques Duparc
for the idea of the undecidability proof for the problem “diverging configuration”.
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