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Abstract

We analyze the minimization problem for deterministic weak automata, a subclass of deterministic Büchi automata, which
recognize the regular languages that are recognizable by deterministic Büchi and deterministic co-Büchi automata. We reduce
the problem to the minimization of finite automata on finite words and obtain an algorithm running in time O(n · logn), where
n is the number of states of the automaton. 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In contrast to deterministic finite automata on finite
words (DFA), forω-automata in general there is no
unique minimal automaton and so far there is no
characterization of minimal state automata in terms
of congruences over words as for DFA. In [1] Staiger
identified a “good” subclass ofω-languages that can
be recognized by such minimal state automata derived
from a congruence over finite words. These are the
regularω-languages from the topological classGδ ∩
Fσ . In [2] Gutleben investigated the algorithmic aspect
of minimizing Muller-automata for this fragment and
obtained an algorithm running in time O(n2 · logn)
(for ann state Muller-automaton).

In this paper we consider the model of determin-
istic weak automata (DWA), which form a subclass
of deterministic Büchi (respectively Muller) automata
and exactly capture the regular languages fromGδ ∩
Fσ [3–5]. We obtain an O(n · logn) time minimiza-
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tion algorithm by applying a minimization algorithm
for DFA. The key of this method is the construction
of a suitable set of final states of a DWA such that it
is “good” in the following sense: The standard mini-
mization algorithm applied as for DFA yields a mini-
mal DWA for theω-language under consideration. In
a DWA there may be states that cannot occur infinitely
often during a run of the automaton. Thus, the type of
these states (final or non-final) does not play any role
for acceptance. We shall show (in Section 3) that it is
possible to fix these types such that a “good” DWA is
obtained (allowing minimization as for DFA); more-
over we prove that this declaration of final and non-
final states can be done in linear time.

2. Preliminaries

For a finite setΣ we denote byΣ∗ the set of
finite words overΣ and byΣω the set of infinite
words overΣ . The empty word is denoted byε.
A deterministic finite automaton (DFA) is of the form
A= (Q,Σ,q0, δ,F ), whereQ is a finite set of states,
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Σ is a finite input alphabet,q0 is the initial state,
δ :Q×Σ →Q is the transition function, andF ⊆Q
is the set of final states. We extendδ to a function
δ :Q × Σ∗ → Q by δ(q, ε) = q and δ(q, aw) =
δ(δ(q, a),w) for q ∈Q, a ∈Σ , andw ∈Σ∗ as usual.
We writeAq for the automaton that corresponds toA
except for the initial state that is changed toq . The
DFA A defines a language

L∗(A)=
{
w ∈Σ∗ | δ(q0,w) ∈ F

}
.

We can also view a DFA as a deterministic Büchi
automaton (DBA) [6]. A run of the DBAA onα ∈Σω
is a sequenceρ ∈Qω with ρ(0)= q0 andρ(i + 1)=
δ(ρ(i), α(i)) for all i ∈ N, whereρ(i) denotes theith
position inρ. Theinfinity setof ρ is

In(ρ)= {
q ∈Q | ρ(i)= q for infinitely manyi ∈ N

}
.

Theoccurrence setof ρ is

Oc(ρ)= {
q ∈Q | there is ani ∈ N with ρ(i)= q}.

A run is accepting iffIn(ρ)∩F �= ∅ andα is accepted
iff its run is accepting. Theω-language accepted byA
is

Lω(A)=
{
α ∈Σω |A acceptsα

}
.

For a languageU ⊆ Σ∗ of finite words we define−→
U = {α ∈Σω | α has infinitely many prefixes inU}.
The following fact is well known (see, e.g., [7]).

Proposition 1. Let A be a DFA. ThenLω(A) =−−−→
L∗(A).

A state q ∈ Q is called recurrent iff there is a
w ∈Σ∗ \ {ε} with δ(q,w)= q . Otherwiseq is called
transient. A strongly connected component (SCC)S ⊆
Q of A is a maximal subset ofQ such thatq is
reachable fromp for eachp,q ∈ S. Transient states
form a strongly connected component of size 1. An
SCC is called transient if it consists of a transient state,
otherwise it is called recurrent. Deterministic weak
automata (DWA) form a subclass of DBA. A DBA is
called weak iff every SCC ofA only contains final
states or only contains non-final states. According to
this we call an SCC final or non-final.

3. Maximal colorings

Minimization for DFA is well investigated. We want
to apply an algorithm for the minimization of DFA for

minimizing DWA. For that aim we shall change the
set of final states without changing the language of the
DWA, however such that the standard minimization
algorithm for DFA yields a minimal equivalent DWA.
In this section we define colorings which will be used
to compute an appropriate set of final states which
allows this approach to minimization.

Definition 2. Let A = (Q,Σ,q0, δ,F ) be a DWA
and let k ∈ N. A mapping c :Q → N is called an
A-coloring iff c(q) is even for every recurrent state
q ∈ F , c(q) is odd for every recurrent stateq /∈ F , and
c(p) � c(q) for everyp,q ∈Q with δ(p, a) = q for
somea ∈Σ . The coloringc is calledk-maximaliff
(1) for everyA-coloring c′ :Q→ {0, . . . , k} and for

every stateq ∈Q one hasc′(q)� c(q), and
(2) c(q)� k for all q ∈Q.
A coloring is calledmaximal if it is k-maximal for
somek.

If we choosek minimal, then the values of a
maximal A-coloring correspond to Wagner’s super
chains [4], i.e., hisn+ andn− values.

The notion of anA-coloring allows an alternative
formulation of acceptance reminding of “parity au-
tomata” (see, e.g., [7]). For a runρ of an automa-
ton and a coloringc we denote byc(ρ) the sequence
c(ρ(0))c(ρ(1))c(ρ(2)) · · ·.

Remark 3. A run ρ ∈ Qω is accepting iff
max(Oc(c(ρ))) is even.

Definition 4. For anA-coloring c let Fc = {q ∈Q |
c(q) is even}. The DWAA is said to be innormal form
iff F = Fc for somek-maximalA-coloring c with k
even. (We could also make this definition fork odd.
We just have to fix some parity to get a unique minimal
DWA.)

For the next considerations we assumeA= (Q,Σ,
q0, δ,F ) to be a DWA andc :Q → N to be a k-
maximalA-coloring for somek ∈ N.

Remark 5. For eachp ∈Q with c(p) � k − 2 there
is aq ∈Q such thatq is reachable fromp andc(q)=
c(p)+ 1.
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Proof. Suppose there is ap ∈ Q not satisfying this
property. LetP = {q ∈ Q | q is reachable fromp
and c(q) = c(p)}, where we also considerp to be
reachable fromp. Define a newA-coloring c′ :Q→
{0, . . . , k} by c′(q)= c(q) if q /∈ P andc′(q)= c(q)+
2 if q ∈ P . Thenc′ is anA-coloring contradicting the
k-maximality ofc. ✷
Remark 6. For eachq ∈Q there is anα ∈Σω with
runρ of Aq onα such that max(Oc(c(ρ)))= c(q).

Proof. For recurrent states the claim obviously holds.
So letq ∈Q be transient. If the claim does not hold,
then there is no recurrent state reachable fromq that
has the same color asq . But then we can define a
new coloring by just adding 1 to the color of all states
that are reachable fromq and have the same color
as q . This coloring is obviously anA-coloring and
contradicts thek-maximality ofc. ✷
Lemma 7. Let A = (Q,Σ,q0, δ,F ) be a DWA and
c :Q→ N be ak-maximalA-coloring for somek ∈ N.
For all p,q ∈ Q if Lω(Ap) = Lω(Aq), thenc(p) =
c(q).

Proof. Assume by contradiction that there arep,q ∈
Q with Lω(Ap)= Lω(Aq) andc(p) �= c(q). Choose
suchp,q such thatc(p)+c(q) is maximal andc(p) <
c(q). We show thatc(q)= c(p)+ 1. If c(p) > k − 2,
thenc(q) = k and thereforec(p) = k − 1. If c(p) �
k−2, then there is aw ∈Σ∗ such thatc(r)= c(p)+1
for δ(p,w) = r (by Remark 5). Lets = δ(q,w).
Because ofLω(Ap) = Lω(Aq ) we haveLω(Ar ) =
Lω(As ) and because of the maximality condition on
p andq we getc(r)= c(s) and sincec(s)� c(q) and
c(q) � c(r) we also getc(q) = c(r). Hence, also in
this casec(q)= c(p)+ 1.

Now let α ∈ Σω be such that max(Oc(c(ρ))) =
c(p) for the runρ of Ap , according to Remark 6. If in
the runρ′ of Aq onα a color greater thanc(q) occurs,
letw be a prefix ofα with c(δ(q,w)) > c(q). Sincew
is a prefix ofα we havec(δ(p,w)) = c(p). Let r =
δ(p,w) and s = δ(q,w). ThenLω(Ar ) = Lω(As ),
c(r) �= c(s), andc(s) + c(r) > c(p) + c(q) which is
a contradiction to the choice ofp and q . Therefore
max(Oc(c(ρ)))= c(p) and max(Oc(c(ρ′)))= c(q)=
c(p) + 1. Thus,α ∈ Lω(Ap) iff α /∈ Lω(Aq) (by
Remark 3) contradicting the assumption.✷

Finally we show how to transform a DWAA
into normal form. For the time complexity of this
computation we assume that|Σ| is a constant.

Theorem 8. For a given DWAA = (Q,Σ,q0, δ,F )

with n states there exists a setF ′ ⊆Q′ such thatA′ =
(Q,Σ,q0, δ,F

′) is in normal form and equivalent to
A. This setF ′ can be computed in timeO(n).

Proof. The main task is to compute ak-maximalA-
coloring. We fix k to be some even number greater
thann to be sure thatk is large enough. The problem
can be reduced to finding a coloring of the SCC graph
of A since states in the same SCC get the same color.
Let Q1, . . . ,Qm be the SCCs ofA. The SCC graph
G= (V ,E) has the vertex set{1, . . . ,m} and the edge
relation is defined by(i, j) ∈ E iff i �= j and there
are statesqi ∈ Qi and qj ∈ Qj with δ(qi, a) = qj
for somea ∈ Σ . We identify i ∈ {1, . . . ,m} with its
SCCQi . This SCC graph can be computed in linear
time by standard SCC algorithms [8]. Furthermore
we can assume that the transient SCCs are marked.
The size ofG is bounded by the size ofA, i.e.,
|V |+|E| � n+|Σ|n. To find ak-maximalA-coloring
c we shall find a mappingd :V → {0, . . . , k} with
maximal values such thatd(i) is even ifQi is recurrent
and final, d(i) is odd if Qi is recurrent and non-
final, andd(i) � d(j) if (i, j) ∈ E. The d-value of
an SCC then corresponds to thec-value of its states.
With an algorithm for topological sorting [8] we can
determine in linear time a permutationv1, . . . , vm of
1, . . . ,m such that if (vi , vj ) ∈ E, then i < j . The
algorithm from Fig. 1 computes the mappingd , where
succ(i) denotes theE-successors ofi ∈ V . For the
running time of thefor-loop theif-statements clearly
are not critical. The minimum in line 8 is computed
m times, but the total number of steps for this is
in O(|E|) which is bounded by|Σ| · n. Thus, the
algorithm runs in time O(n). The property of the list
(v1, . . . , vm) to be topologically sorted guarantees that
thed-value of all successors ofvi is already computed
when vi is treated. If we assume that the value for
the successors ofvi is maximal, then clearly the value
for vi is maximal. This assumption is justified because
the value for the SCCs without successors is maximal.
Fromd we can compute the correspondingk-maximal
A-coloring c. Given such a coloringc we obviously
can compute the setFc in time O(n). By the definition
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G= SCCgraph(A)
(v1, . . . , vm)= topsort(G)
for i =m to 1

if succ(vi)= ∅ then
if vi is final then d(vi)= k
else d(vi)= k − 1

else
l = min{d(j) | j ∈ succ(vi)}
if vi is transientthen d(vi)= l
else

if l is even andvi is final then d(vi)= l
else

if l is odd andvi is not finalthen d(vi)= l
else d(vi)= l − 1

Fig. 1. An algorithm for a maximal coloring on the SCC graph.

of A-colorings the automaton(Q,Σ,q0, δ,F
′) with

F ′ = Fc is equivalent toA. ✷

4. Minimization

We use the terminology of congruences. For a
languageL ⊆ Σω define the right congruence∼L⊆
Σ∗ × Σ∗ by u ∼L v iff for all α ∈ Σω :uα ∈ L ⇔
vα ∈ L. For u ∈ Σ∗ we denote the∼L-class ofu by
[u]L. The index of∼L, i.e., the number of∼L-classes,
is denoted byInd(∼L). We call a DWA minimal iff
there is no equivalent DWA with less states. Given a
languageL ⊆ Σω that can be recognized by a DWA
we show that every DWA recognizingL has hat least
Ind(∼L) states.

Lemma 9. Let A = (Q,Σ,q0, δ,F ) be a DWA and
letL= Lω(A). For eachq ∈Q that is reachable from
q0 there is auq ∈ Σ∗ such thatu ∈ [uq ]L for all
u ∈Σ∗ with δ(q0, u)= q . In particular we get|Q| �
Ind(∼L) and if Lω(Ap) �= Lω(Aq) for all p,q ∈Q,
thenA is a minimal DWA.

Proof. Let q ∈ Q and letu,v ∈ Σ∗ with δ(q0, u) =
q = δ(q0, v). Sinceq is reachable fromq0 suchu and
v exist. It suffices to verify thatu∼L v. Let α ∈Σω .
A acceptsuα iff it acceptsvα because the runs can
only differ on theu andv prefixes and acceptance only
depends on the infinity set of the runs.✷

As shown in [1] the above lemma even holds for
DBA in general. Also in [1] it is shown that the
lower bound from Lemma 9 in fact also is the upper
bound for minimal DWA. Similar to the case of DFA
a minimal state automaton for a DWA recognizable
languageL with the∼L-classes as states is defined. In
the following we show how to compute from a given
DWA an equivalent minimal DWA. For a DWAA let
Amin be the minimal DFA equivalent to the DFAA.
From Proposition 1 it is clear thatLω(A)= Lω(Amin).
But in generalAmin is not a minimal DWA. We show
that if A is in normal form, thenAmin is a minimal
DWA.

Lemma 10. Let A = (Q,Σ,q0, δ,F ) be a DWA in
normal form. IfL∗(Ap) �= L∗(Aq) for somep,q ∈Q,
thenLω(Ap) �= Lω(Aq).

Proof. SinceA is in normal form, there is a maxi-
mal A-coloring c with F = Fc . Let p,q ∈ Q with
L∗(Ap) �= L∗(Aq ). This means there is a wordw ∈
Σ∗ with δ(p,w) ∈ F iff δ(q,w) /∈ F . Let r =
δ(p,w) and lets = δ(q,w). SinceF = Fc this means
that c(r) �= c(s) and thereforeLω(Ar ) �= Lω(As ) by
Lemma 7. Letα ∈ Σω with α ∈ Lω(Ar ) iff α /∈
Lω(As). Thenwα ∈ Lω(Ap) iff wα /∈ Lω(Aq). ✷

We also want to show that we obtain a minimal
DWA that does not depend on the given DWA but only
on theω-language defined by the given DWA. For this
we need the following lemma.

Lemma 11. LetA = (Q,Σ,q0, δ,F ) andA′ = (Q′,
Σ,q ′

0, δ
′,F ′) be two DWA in normal form with

Lω(A)= Lω(A′). ThenL∗(A)= L∗(A′).

Proof. Let c be anl-maximalA-coloring and letc′
be a l′-maximal A′-coloring such thatF = Fc and
F ′ = Fc′ . SinceA andA′ are in normal form,l and
l′ are even. Thus, we can also assume thatc andc′ are
k-maximal for some evenk large enough by adding
appropriate constants to thec andc′ values.

For u ∈ Σ∗ let qu = δ(q0, u) and q ′
u = δ′(q ′

0, u).
Assume there is au ∈ Σ∗ with c(qu) �= c′(q ′

u). We
consider the casec(qu) < c(q ′

u). The other case is
symmetrical. Define the mappingd :Q→ {0, . . . , k}
by

d(qv)= max
{
c(qv), c

′(q ′
v)

}
for eachv ∈Σ∗.
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By Lemmas 9 and 7 we know that this definition of
the d-value of a state does not depend on the choice
of v. This means ifqw = qv, then c′(q ′

w) = c′(q ′
v).

Obviouslyd(qu) > c(qu). Thus, if we can show thatd
is anA-coloring, then we have a contradiction because
c is ak-maximalA-coloring. By the definition ofd it
is clear that forq ∈ Q and a ∈ Σ we haved(q) �
d(δ(q, a)). So letq ∈ F be a recurrent state and let
v,w ∈ Σ∗ be such thatδ(q0, v) = q (i.e., q = qv)
and δ(q,w) = q . If d(q) is odd, thend(q) �= c(q)

and therefored(q) = c′(q ′
v). SinceA on α := vwω

infinitely often visits q , α contains infinitely many
prefixes that are∼L-equivalent tov (by Lemma 9).
ThereforeA′ on α visits infinitely often a stateq ′
with Lω(A′

q ′)= Lω(A′
q ′
v
). By Lemma 7 we know that

c′(q ′) = c′(q ′
v) and thus the maximal color visited by

A′ on α is c′(q ′
v) = d(q). But thenA′ rejectsα and

A acceptsα, a contradiction. Thus, thed-value of
recurrent states fromF is even. In the same way one
can show that thed value of recurrent states from
Q \ F is odd. Therefored is anA-coloring and we
have a contradiction. This means for allu ∈ Σ∗ we
havec(qu)= c′(q ′

u) and hencequ ∈ F iff q ′
u ∈ F ′. ✷

Theorem 12. For a given DWAA with n states
one can compute an equivalent DWA with a minimal
number of states in timeO(n · logn). Furthermore this
minimal DWA only depends(up to isomorphism) on
Lω(A).

Proof. (For the facts about minimization of DFA used
in this proof see, e.g., [9].) By Theorem 8 one can
transformA into normal form in time O(n). So we
assume thatA is in normal form. Then we compute
Amin in time O(n · logn) [10,11]. First of allAmin is
a DWA, since there is a homomorphism fromA to
Amin preserving final and non-final states. Therefore
a cycle inAmin containing final and non-final states
would also give such a cycle inA. It is well known
thatL∗(Amin

p ) �= L∗(Amin
q ) for all distinct statesp,q

of Amin. Thus, by Lemma 10,Lω(Amin
p ) �= Lω(Amin

q )

for all distinct statesp,q of Amin and thereforeAmin

is a minimal DWA by Lemma 9. The automatonAmin

only depends onL∗(A). From Lemma 11 follows that
L∗(A) only depends onLω(A) becauseA is in normal
form. ✷

This theorem also allows to reduce the equivalence
problem of DWA to the equivalence problem for DFA
because two DWA are equivalent iff the minimal DWA
obtained by Theorem 12 are equivalent as DFA. So we
also obtain an efficient equivalence check for DWA.
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